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Abstract

We develop estimation and inference for the spot variance of market microstruc-
ture noise, the discrepancy between observed transaction prices and underlying effi-
cient prices arising from trading frictions. The noise is a stationary, serially depen-
dent sequence scaled by the square root of a positive semimartingale that may jump
at prescheduled times. Using transaction prices alone, we construct one-sided estima-
tors of the left and right limits of the noise variance from a multi-horizon differencing
scheme; averaging over a growing set of horizons renders them asymptotically equiv-
alent to the oracle that observes the noise. We establish a joint stable central limit the-
orem and provide consistent asymptotic-variance estimators and a test for scheduled
jumps. In SPY transactions over 2016-2025, the noise variance jumps at macroeco-

nomic releases and closing-auction deadlines with event-specific recovery dynamics.

1 Introduction

High-frequency transaction prices measure an underlying efficient price with error. Bid-ask
bounce, inventory control, and the discreteness of trading all induce a gap between the recorded
price and the frictionless value that would prevail in an idealized continuous market (Hasbrouck,
2007). The standard additive decomposition writes the observed price as

V=X +e, (1)
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where X is an It6 semimartingale, identified with an arbitrage-free efficient price (Delbaen and
Schachermayer, 1994), and ¢ is the measurement error. Because ¢ arises from market microstruc-
ture frictions, the literature calls it microstructure noise. The variance of ¢ is of interest in itself,
for economic and statistical reasons. Economically, it is a proxy for transaction costs and market
quality (Lehmann, 1990; Hasbrouck, 1993). Statistically, it is the main nuisance in inference on
the parameters and processes of X, and denoising methods must estimate it to remove its effect
(Ait-Sahalia and Jacod, 2014).

Early work mostly assumes that the noise is i.i.d. Under this assumption, realized volatil-
ity computed at the highest frequencies identifies the noise variance (Zhang, Mykland, and Ait-
Sahalia, 2005; Bandi and Russell, 2006, 2008), and quasi-maximum likelihood estimates the noise
variance jointly with volatility (Xiu, 2010; Ait-Sahalia, Fan, and Xiu, 2010). Later work allows the
noise to have a stochastic scale and serial dependence. It estimates integrated moments of the
noise by local averaging (Jacod, Li, and Zheng, 2017) or by differencing (Li and Linton, 2022), or
it obtains them as a by-product of quasi-maximum likelihood (Da and Xiu, 2021, 2026). These
estimators remain valid when the noise scale varies within the day. However, they estimate the
average or integrated moments of the scale over a fixed interval, not the scale at a given point in
time.

The economics of financial markets, however, calls for local measurement. Some forces move
microstructure noise gradually and randomly over the day: large traders split their orders (Chor-
dia and Subrahmanyam, 2004), and market makers manage their inventories (Hendershott and
Menkveld, 2014). Other forces move frictions abruptly, often at times fixed in advance. Macroeco-
nomic announcements arrive at published times and change trading activity and liquidity (Flem-
ing and Remolona, 1999; Bollerslev, Li, and Xue, 2018; Crego, 2020). We also find that exchange
trading rules impose a second calendar. Before the closing auction, exchanges stop accepting or
cancelling on-close orders and begin publishing order imbalances, all at fixed times, and the noise
variance jumps at these deadlines. Moreover, these scheduled events are frequent.! Treating the
noise variance as (almost surely) continuous at these times therefore distorts the intraday pattern
of microstructure noise.

We model the noise variance as a positive semimartingale, as in Jacod, Li, and Zheng (2017),
Da and Xiu (2021), and Li and Linton (2022), and extend their models by allowing the noise vari-
ance to jump at prescheduled times. We then propose a new spot inference method for the noise
variance. The method is asymptotically equivalent to an infeasible oracle that observes the noise
directly and therefore can compute its sample variance. Specifically, we construct one-sided esti-
mators of the left and right limits of the noise variance, using observations in shrinking windows
on the respective sides of a given time. These estimators recover the pre- and post-event noise
variances separately, allowing the two limits to differ at scheduled times. We establish joint stable

convergence in law of the appropriately normalized estimation errors at any fixed finite collection

!The closing-auction deadlines occur in every trading session, and about 64% of the sessions in our sample contain
at least one scheduled macroeconomic release at 10:00, 14:00, or 15:00.



of times, with a conditionally Gaussian limit. The limiting variance is random and combines the
sampling error of the serially dependent noise with the local variation of the noise variance, in pro-
portions set by the bandwidth. We construct two-scale estimators of this variance in the spirit of
Mykland and Zhang (2017), using only observations on the respective side of the given time, and
show that they are consistent in every admissible bandwidth regime. The central limit theorem is
therefore feasible: it yields confidence intervals for the left and right limits of the noise variance
without requiring knowledge of the regime. The difference between the right- and left-limit esti-
mators yields a jump test with correct asymptotic size and consistency against fixed alternatives.
Together with the estimates of jump size, this allows us to detect and quantify abrupt changes in
trading frictions at prespecified event times.

Our application to SPY transactions over 2016-2025 shows that measuring noise locally mat-
ters economically. At scheduled macroeconomic releases, the average noise variance after the
release is roughly nine to sixteen times the average before it. Most of the increase after the 10:00
releases disappears within a minute. FOMC announcements, by contrast, show a buildup before
the release and a longer-lasting rise afterward. Apart from news, late-session bursts recur at the
closing-auction deadlines and imbalance disclosures, and their timing shifts when exchange rules
change. Intraday trading frictions therefore reflect both the arrival of information and the organi-
zation of trading. Spot measurement shows how large these frictions are and how long they last,
which integrated noise estimates cannot resolve.

Our paper contributes to several strands of the literature. The first is the literature on the
general modeling and estimation of microstructure noise (Jacod, Li, and Zheng, 2017; Da and Xiu,
2021; Li and Linton, 2022). This literature targets integrated moments of the noise, and its models
keep the noise variance almost surely continuous at any fixed time. Because an integrated moment
pools the noise variance over the whole interval, it cannot tell the variance before a scheduled
event apart from the variance after it. Our generalized model, combined with spot inference,
identifies both. In terms of estimation method, the closest work is Li and Linton (2022). While Li
and Linton (2022) use a single-horizon differencing scheme, we average the differencing statistic
over a growing set of multiple horizons.” The multi-horizon approach has two advantages. First, it
is more stable than an estimator based on a single horizon. Second, it improves efficiency; indeed,
it is essential for asymptotic equivalence to the oracle estimator. Both advantages matter most for
spot inference, where samples are typically much smaller than in integrated inference. Two recent
papers study structured noise. Chong, Delerue, and Li (2025) model the noise as a rough fractional
process with continuous stochastic volatility and estimate its roughness and integrated volatility.
Cui (2026) splits the noise into a component explained by observable trading information and
a residual, and measures how much noise variance the former explains. Both keep the noise
variance continuous in time. Our target is instead the joint estimation and inference on the spot

variance of the total noise, estimated nonparametrically from prices alone, which can jump at

2Our approach is distinct from that of Li and Yang (2026), who hold fixed both the horizon length and the number of
horizons. Their main theory also serves a different purpose: they apply it to the semimartingale efficient price process
to test whether noise is present.



prescheduled times.

Our paper also contributes to the literature on nonparametric spot inference from high-
frequency data. Much of this literature concerns the volatility, covariance, and regression
coefficients of the efficient price.® Building our new method on local noise estimation, we develop
feasible joint inference for the left and right limits of microstructure-noise variance. To our
knowledge, this is the first general inference theory that accommodates serially dependent noise,
irregular sampling, and jumps at prescheduled times.* We also contribute to the literature on the
feasibility of spot inference over a spectrum of bandwidth regimes. Specifically, at the balanced
bandwidth, sampling uncertainty and local parameter variation enter the limiting distribution
at the same order, and feasible inference is difficult.” We develop a local, one-sided two-scale
construction that consistently estimates the two sources of uncertainty. The resulting variance
estimators are consistent throughout the admissible bandwidth regimes, including the balanced
regime yielding the n'/* rate. Combined with oracle equivalence and the joint stable central
limit theorem, this delivers feasible confidence intervals for the noise variance immediately
before and after scheduled events, together with tests for its discontinuities, without requiring
undersmoothing to eliminate local variance dynamics.

Our findings also relate to the growing literature on intraday variation analysis. Andersen,
Thyrsgaard, and Todorov (2021) document systematic variation in the cross-sectional dispersion
of market betas and its responses to news, while Andersen, Riva, Thyrsgaard, and Todorov (2023)
extend this analysis to distributions of exposures to multiple risk factors. Andersen, Su, Todorov,
and Zhang (2024) develop functional inference for average intraday volatility curves and docu-
ment shifts in these curves over time. We complement these studies with a formal framework for
inference on the intraday noise variance. Using this framework, we document abrupt changes in
the noise variance at scheduled announcements and exchange deadlines. These results highlight
three considerations when estimating intraday profiles of other high-frequency quantities, such
as volatility or factor exposures. First, profiles should be conditioned on the announcement cal-
endar. Scheduled releases are frequent, yet their effects are absent on non-announcement days, so
pooling all days mixes event responses with regular intraday variation. Second, profiles should
respect trading-rule regimes, because changes in exchange rules can shift the times at which the
underlying process jumps. Third, measurement around scheduled events requires a fine time grid
to separate anticipation, immediate adjustment, and recovery.

The rest of the paper is organized as follows. Section 2 presents the model. Section 3 devel-

ops the oracle and feasible estimators and the joint limit theory. Section 4 reports simulations;

SA partial list of studies is Foster and Nelson (1996); Kristensen (2010); Zu and Boswijk (2014); Bollerslev, Li, and
Liao (2021); Bollerslev, Li, and Ren (2024); Li and Linton (2026).

#Several studies estimate the noise variance locally, including Kalnina and Linton (2008); Jacod, Li, and Zheng (2019);
Zhang, Li, and Bollerslev (2022); Li and Linton (2026). Their methods differ, and their settings are less general than ours.
In these studies, the local noise-variance estimates serve only as intermediate inputs to volatility estimators. None of
them develops an inference theory for the estimates.

®In their discussion of spot-volatility inference, Ait-Sahalia and Jacod (2014, Section 8.1.3, p. 271) describe the corre-
sponding spot volatility-of-volatility quantity as “nearly impossible to estimate.”



Section 5 contains the empirical application. Asymptotic conditions and variance estimators are
collected in the Appendix. All proofs are given in Section SA of the supplementary materials (Li
and Zhang, 2026), and Section SB documents the data and the empirical implementation and re-
ports additional empirical results; Section SC reports additional simulation results under different
settings.

2 Model Setting

Let Z be a generic Itd semimartingale defined on a filtered probability space (2, F, (F;)¢>0, P). It
can be represented as (Jacod and Protter, 2012):

Zy = Zy+ /Ot szdS + /Ot USZdWSZ + <(5zl{|52|§1}> * (p — 7)t + <(5Z1{|5Z\>1}> *Pe 2)

where W< is a Brownian motion, p is a Poisson random measure on R, x R with deterministic
compensator ¢(ds, dz) = ds ® A\(dz), where A is a given o-finite measure. The processes bZ and oZ
are optional and locally bounded, while the function §% on QxR xR is predictable. Moreover, we
assume the following standard regularity conditions hold for all Itd semimartingales considered
in this paper:

Assumption (H). Let Z be a semimartingale represented by (2). The volatility process oZ is adapted and
cadlag. There exists a sequence of stopping times {7y, }., increasing to infinity almost surely, a sequence of
real numbers {wy, }n, and for each m a deterministic nonnegative function J,% on R so that the following
hold for all (w,t, z) with t < T, (w):

‘bf(wﬂ < W, ‘UtZ(w)‘ < Wy, }5Z(w,t, z)| A1 < JZ(2), /R(anl(z)f/\(dz) < 0.

Specifically, we assume that the efficient price process X is an Itd semimartingale satisfying
Assumption (H). The semimartingale property is necessary for a market to be free of arbitrage
(Delbaen and Schachermayer, 1994).

We work under infill asymptotics over a fixed observation interval, normalized to [0, 1], with
increasingly frequent observations as n — oo. Our analysis of microstructure noise is based on
high-frequency transaction prices, which are naturally recorded at random time points. To accom-
modate this feature, we work under a general framework of random observation times introduced
in Jacod, Li, and Zheng (2017, 2019). Specifically, for each n € N,, we consider a sequence of
strictly increasing observation times {t]'};>o with tj = 0 and ! — oo as i — co. We denote the
random spacing between two consecutive observation times by A(n, i) := ' =t ; fori =1,2,....
Throughout, for any process V we write V" := V;n. For example, X[ and Y represent the latent
efficient price and the observed price, respectively, at time ¢'. Moreover, for any process V' with
one-sided limits, we write V;_ := limy Vs for ¢ > 0 and Vi := lim,; V; for ¢ > 0. If V' is cadlag,
then V;1 = V;. Let A,, := 1/n — 0 denote the nominal spacing between observations. The local



sampling frequency is governed by a positive intensity process a: by (3) below, the expected spac-
ing after ¢ ; is approximately A,, /o' ;, so about o/ A,, observations per unit of time arrive near
t. We assume that the observation times satisfy the following condition:

Assumption (O). « is an [td semimartingale defined on (Q2, F, (Fi)i>0,P) satisfying Assumption (H).
We further assume there is a localizing sequence {7y, }, of stopping times and positive constants np, 1,
Km,p and 1, such that:

(i) Fort < 1, we have nT11 < < Nt

(ii) Let (F]');> be the smallest filtration containing (), for whichall £}, i = 0,1,2,..., are stopping
times, and write 1" := F}i. Foreachi =1,2,..., A(n, i) is, conditionally on I?* |, independent of

(iii) With the restriction {t]' | < T, }, and for all p > 0,

Ay ,
E(A(n,i)|Z,) - P Fma AT E((A(n, )P T ) < fmph. )

i—1

Next, we present the model for the market microstructure noise. We first specify the noise
variance process I' as a positive semimartingale consisting of an Itd6 semimartingale component
and possible additional jumps at finitely many deterministic times. Scheduled announcements,
such as FOMC decisions and corporate earnings releases, can alter liquidity provision, as reflected
in changes in bid-ask spreads and market depth around their release times (Lee, Mucklow, and
Ready, 1993; Fleming and Remolona, 1999; Crego, 2020). The empirical literature often takes the
dispersion of microstructure noise as a measure of illiquidity or market quality (Hasbrouck, 1993;
Ait-Sahalia and Yu, 2009). This motivates allowing the spot noise variance to jump at such times.
Moreover, the process I' may depend on the efficient price process, for example, as a function of
its volatility. Our assumption extends the noise specifications in Jacod, Li, and Zheng (2017); Da
and Xiu (2021); Li and Linton (2022), under which, for every fixed deterministic time, the noise
scale and hence its variance are continuous at that time almost surely.

Assumption (V). Let T := {t; € (0,1) : £ =1,2,...,|T]|} be a finite deterministic set. For each ¢, let @y

be a finite real-valued, F -measurable random variable. The spot variance process I' satisfies

v |71 )
ry="I,+ Zz:1 @gl{ﬁgt}, 0%1;; I's > 0 almost surely, 4)

where T satisfies Assumption (H).

Following Jacod, Li, and Zheng (2017) and Li and Linton (2022), we model the latent mi-

crostructure noise by a multiplicative form as:



where 7; := /Ty and the spot variance process I satisfies Assumption (V), while x is a zero-mean
unit-variance but potentially autocorrelated sequence reflecting the dynamics of order flow. We
assume the x process is independent of the efficient price process. The serial dependence of x is
restricted through a p-mixing condition with a polynomial decay rate.

Assumption (N). Let {x;}icz be a stationary p-mixing random sequence with the mixing coefficient py,
decaying at a polynomial rate, i.e., p, < Kk™",Vk € N4, for some constants K > 0 and v > 0. We further
assume that {x; }icz is centered at 0 with variance 1 and finite moments of all orders, and is independent of
FO = F o ovotr:i>0,n>1).

3 Spot Estimation and Inference

Let 7 := T U T be a finite collection of fixed time points taking values in (0, 1), where T is a set
of prescheduled time points described in Assumption (V), and T is a finite set of fixed times at
which no prescheduled jump occurs. For any t € (0, 1], write n; := max{i > 0 : ¢t} < t}. The
targets are the right and left limits I';; (= I'y) and I';— of the spot noise variance, for t € 7; we
write I';4 for either of them.

3.1 An infeasible oracle estimation strategy

Since ¢ is latent, practical estimation from observed transaction prices presents a challenge. To
develop our estimation strategy and establish theoretical benchmarks, we first consider an infea-
sible “oracle” scenario in which ¢ is treated as observable. In this hypothetical setting, the natural
estimator for I';1 at time ¢t € 7 would be the local one-sided sample variance. Given a local
bandwidth I,,, let T, := {n, £ j:j =1,...,l,} and define

™ . 1 n\2
T Zieﬁ?i (ei')" (6)

Under very mild regularity conditions, we can establish the consistency (Theorem 3.1) and asymp-
totic normality (Theorem 3.2) of this oracle estimator.

Theorem 3.1. Assume that Condition A.1 holds. For any t € T, we have ', S

Theorem 3.2. Let 2& =T — Dy, ¢ = 2N, — c € [0,00], and u,, = l”n. Under Condition A.2,

we have the joint Fo.-stable convergence in law
~ ~ Es
Un (Zg”;, Zf_)teT Lo (Zips Ze)yer -

Conditionally on F, all 2|T| coordinates of the limit vector are independent centered Gaussian random

I, 6 cory . 00 2.2\
+ , where & := Y72 (E(x3x3) — 1) and

variables, with conditional variance &1 1= ~ o T 39

o is the volatility process of T".



Remark 3.1. The convergence rate depends on the asymptotic order of the local bandwidth l,, relative to A,
or equivalently, n. When l,, < n® with a < 1/2, the rate is \/1,,, and the statistical errors are Op(1//1,).
In this regime, I is locally constant to first order on the indicated side of t, and the asymptotic variance is
dominated by the long-run variance & of x?, scaled by T?,. For a > 1/2, the rate becomes \/1/(1,A,,).
Within this broader local window, the variation in I's (s # t) dominates, and the asymptotic variance

/4 is attained when a = 3, where the

reflects the volatility of I' at t. The optimal convergence rate of n
sampling error of the noise and the local variation of I' contribute to the asymptotic variance at the same

order.

Remark 3.2. Assumption (N) requires x to be globally stationary. A natural extension is to allow its
serial dependence to vary over time. Under the unit-variance normalization, the spot noise variance I'v+
is determined by the scale ~y, while the dependence structure of x affects estimation uncertainty (via S).
Since our estimators use shrinking one-sided windows, we expect analogous results under suitable local-
stationarity conditions that allow for time-varying serial dependence.

3.2 A feasible estimation strategy

We now introduce a feasible estimator constructed from transaction prices alone that attains
asymptotic equivalence to the oracle estimator. By recovering the spot variance of the unobserv-
able transitory component ¢ from observed transaction prices Y, our approach effectively treats
the latent process as if it were observable.

Inspired by Li and Linton (2022), we employ a differencing method originally designed for
integrated moment estimation of the noise. Extending this approach to one-sided spot estimation
requires additional analysis because estimation is performed over shrinking time windows. The
local bandwidth governs the relative contributions of sampling variability and stochastic variation
in the noise variance, while the differencing horizons must be chosen to make the feasible-oracle
approximation error negligible at the spot convergence rate. The resulting joint limits at distinct
fixed times are conditionally independent Gaussian variables, giving the finite-dimensional white-
noise structure characteristic of local spot estimation. See Chapter 8 of Ait-Sahalia and Jacod (2014)
and Chapter 13 of Jacod and Protter (2012) for detailed discussions.

Beyond this adaptation, we develop a novel multi-horizon differencing scheme, improving
substantially upon the single-horizon approach of Li and Linton (2022). This innovation enhances
efficiency and mitigates instability from selecting a single differencing horizon, making it particu-
larly advantageous for spot estimation with small local sample sizes.

Now we formally present our multi-horizon differencing estimation strategy. For any integer
k>1,welet f(k)} :== (V" =Y;2,)(Y;" = Y/},). Our multi-horizon differencing method is governed

(2

by two sequences of positive integers {k,, },, and {p, } . Let ky, ,, := ky, +p, ky, = ky, +pn, and define
the post-t and pre-t index setsjointly as I?y := {n; £ j:j=kn+ 1,..., L, — kn}.



We define:

1 pn—1 n
Do 2o Dicap, )i (7)

rn o._
t+ -

The intuition of our multi-horizon differencing method is as follows: increments of the efficient
price are martingale differences up to the drift, and f(k)! is constructed to leverage this property.
Specifically, E(f(knp)7) ~ E((e] =} kn,p)(e? —& kn,p))'6 When multiple horizons are considered,
we have L S b f(k, )P~ (e1)2 — el — el'E + &, where

Dn p=0 7 i
=. 1 E pn—l -, 1 § :p"_l n —I 1 § :p"_l n n
E = — . 5i+kn 5 E = — = E’L'fkn 5 E = — . 8i+kn Eifk‘n .
Dn p=0 P Dn p=0 P Dn p=0 P P

These averages of ¢ are asymptotically negligible when p,, and k,, , are large. Consequently,
p—ln > op fknp)i = (¢7)? on either side, which implies I~ T,

The following theorem formalizes the preceding intuition by establishing the asymptotic
equivalence between the proposed feasible estimators and the infeasible oracle estimators intro-
duced in Section 3.1. Moreover, it provides the asymptotic distribution of our feasible estimators,
enabling valid statistical inference.

Theorem 3.3. Suppose Condition A.3 holds. For any t € T, we have
Iy — e (8)

Furthermore, under Condition A.4, un(f?i - 0 for every t € T. The joint stable convergence
in Theorem 3.2 holds with T}, replaced by f?i. Consequently, if in addition Condition A.5 holds, for any
t € T and side & for which &+ > 0 almost surely,

Un (fgi - I‘ti>
An
\/ t+

where é?i is the consistent estimator of the asymptotic variance &4 defined in Appendix B.

£ N(0,1), 9)

Remark 3.3. A local adaptation of the single-horizon ReMeDI estimator of Li and Linton (2022) is obtained

by averaging (Y" — Y, ) (Y;* — Y%, ) over each one-sided window. Under the model assumptions and

the restrictions on v, k and X in Condition A.4, this estimator has a centered mixed-Gaussian limit under the

2 / =2
same normalization wy, as in Theorem 3.2, with conditional asymptotic variance Fﬁf + ga:f(tli ok where
S =6 +3> 0 r2and ry := E(xoxx). For ¢ < oo, this variance exceeds that of both the oracle
estimator in Theorem 3.2 and the multi-horizon estimator in Theorem 3.3 by 3T'2. Y22 r2/(1+c) > 0.
Thus, the ReMeDI approach is less efficient. Besides this asymptotic efficiency gain, our multi-horizon

differencing method is more robust to the choice of differencing horizons in finite samples, as the simulation

®Over a differencing horizon k., ,, the drift increment is O, (kn,, A, ); its contribution to the estimator is asymptoti-
cally negligible.



study in Section 4 shows.

3.3 Testing for scheduled jumps in spot noise variance

Scheduled announcements may change the dispersion of the transitory price component abruptly.
Comparing the noise variance immediately before and after an announcement isolates this dis-
continuity from continuous intraday variation. The calendar time is specified in advance; the
occurrence, sign, and size of the jump remain random.

For a fixed ¢t € T, write AI'; :=T'; — I';_ and consider

H07t : AFt = 0, Hl,t : AFt 7é 0. (10)

Atascheduled timet = t,, AT; = ¢y, so the null hypothesis is directly ¢, = 0. Let V" := éﬁ—l—@{i
and V; := &;; + &;_. Define’

un(f?-s- _ f?—)

Ty =
‘/tTL

, Vit > 0. (11)
For a significance level a € (0, 1), the test rejects Ho ; when |T3*| > 21_, /2, where z, is the p-quantile
of N(0,1).

Corollary 3.1 (Spot jump test). Under Conditions A.4 and A.5, fixt € T and a € (0,1). Assume that
Vi > 0 almost surely. Then

P(ATy = 0, [T]'| > 21_4/2) — aP(ATy = 0), (12)
IP)(AFt 7& 07 |Ttn| < Zl—a/?) — 0. (13)

4 Simulation Study

In this section, we conduct Monte Carlo simulations to evaluate the performance of the proposed
spot noise variance estimator. We show that the multi-horizon differencing method is more effi-
cient than the single-horizon version of (7). We also show that our method is robust to the choice of
tuning parameters, and that price jumps and volatility jumps have little effect on the performance

of our test for jumps in the spot noise variance.

4.1 Simulation setup

We suppose the efficient price X follows a jump-diffusion process with stochastic volatility:

dXt = R1 (Hl - Xt)dt + O'tth -+ ftht, d0't2 = KQ(MQ — O'?)dt + T]O'tdBt,

’Set T/* := 0 when V;* < 0. This convention is asymptotically non-binding: by Theorem B.1, V;" -5 Vi, so
P(V;* < 0) — 0 whenever V; > 0 almost surely, as assumed in Corollary 3.1.

10



where W and B are standard Brownian motions with Corr(W, B) = pwg, and N is a Poisson
process with intensity A ;. The jump sizes £ follow an asymmetric double-exponential distribution
and are negative with probability p, thatis, § ~ —Exp(;ﬁ_)l{ngg} + Exp(ui) 1{y>p.}, Where U is
uniformly distributed on [0, 1]. The parameters for the above dynamics are given by:

k1 = 0.5, p1 = 3.6, Ko = 5,252, pp = 0.04/252, n = 0.05/252; pwp = —0.45,
Ay=1, u§ =0.0075, 45 =1.5- 45, pe = 0.65.

We consider a random observation scheme in which the observation times ¢ follow an inho-
mogeneous Poisson process with rate na;, where oy = 1 4 0.5 cos(2nt) and n = 234,000. This
setting implies 10 observations per second on average over a regular trading day and closely
aligns with the empirical data used in our applications. We model the transitory component with
a discrete part and a signed multiplier, €} = ~;'x;. The multiplier takes the form ~; = K,7; with

Ay = —krs3(3 — up))dt + 0,dW;. The component 7; captures a stochastic intraday pattern, where

k3 = 10, uﬁ”) := 1+0.1cos(27t) and o, = 0.25. The parameter K, sets the amplitude and hence the

noise-to-signal ratio, which critically affects estimator performance. We set K., = 5x10~%. The dis-
crete part {; }; is set as a stationary AR(1) process: x; = pyXi—1+/1 — p2e; with {e;}; id- ar (0,1).

4.2 Efficiency gains

Figure 1 reports the relative root mean squared error (RMSE) of T at 945 for k, € {2,4,8},
pn € {1,...,11}, and p, € {£0.1,£0.4}. The figure shows that the multi-horizon estimator out-
performs the single-horizon version of (7). When p,, = 1, the estimator uses only the horizon k,,.
As p,, increases, the estimator combines more horizons and the RMSE falls in every scenario. This
reflects gains in both efficiency and robustness. The serial dependence of the noise also matters.
When the dependence is strong, estimators based on small horizons have relatively large RMSE,
and most of this error comes from the bias that small horizons leave. When the dependence is
weak, the choice of k,, matters less, but using multiple horizons still lowers the RMSE. Section SC
of the supplementary materials (Li and Zhang, 2026) repeats this comparison with smaller noise
amplitudes K,. Combining horizons still lowers the RMSE, although the gains level off when the

noise is weak.

4.3 Robustness to tuning parameters and to price and volatility jumps

We also evaluate the feasible CLT in (9) at ¢t = 9:45, 12:00, and 13:30 in Figure 2. The noise uses
py = 0.1. The spot estimator and the asymptotic variance estimator both use the same differencing
horizons: k., € {3,4,5}. The spot estimator uses local window bandwidth /,, € {300, 500,800},
and the asymptotic variance estimator uses (Ly1,¢n1,dn1) = ([5v/n],20,]0.25¢/n]) and
(Ln2,qn2,dn2) = (120y/n], 10, |2y/n]). The QQ plots of the standardized spot variance estimator
are close to the 45-degree line for [, = 500 and 800 at all three times. With I, = 300, the upper
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Figure 1: Relative RMSE of T} at t = 9:45 over 1,000 replications with I, = 500. The panels vary the AR(1) coefficient
px of x; pn = 1 gives the single-horizon version of (7).

tail bends above the line at 9:45 and 12:00. This moderate distortion is expected given the small
number of observations in each window, and it fades as [,, increases.®

We next evaluate the prescheduled jump test in Corollary 3.1 at 7 = 14:00, the time of the
FOMC policy announcement that the empirical analysis below examines. In both designs, we
add a permanent increment ¢ € [0,4 x 10~7] to the baseline noise variance, so that F,E‘p) = ['base 4
¢1y>7). The jump is therefore AT (T‘p) = ¢, measured in squared log-price units. In Panel (a) of Fig-
ure 3, the scheduled jump in noise variance is the only change. Panel (b) adds simultaneous jumps
in the efficient price and its volatility. This design tests whether announcement-time changes in
these quantities could be mistaken for a jump in noise variance. Specifically, let Z follow the orig-
inal efficient-price equation, but replace its diffusion coefficient with o/ = o¢(1 + 1(>,}), and set
X{ = Z; +0.01- 1y ,y. The scheduled step in the log price is thus 0.01, a price increase of about
1%. Diffusion volatility doubles after the event, so diffusion variance quadruples. The original
volatility process is the baseline to which this persistent multiplier applies.

Each panel reports 1,000 replications for each of 75 equally spaced jump sizes, with common

8Section SC of the supplementary materials repeats this check with smaller noise amplitudes, K, € {2.5 x
10~*,10™*}, and stronger serial dependence.
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Figure 2: QQ plots of the standardized statistic in (9) over 1,000 replications, by target time (rows) and bandwidth {,
(columns).

draws across sizes within a panel and independent draws across panels. Both designs use [, =
300, knp € {3,4,5} for the spot variance estimator and asymptotic variance estimator, p, = 0.1,
and K., = 5 x 1074 In panel (a), the rejection rates under the null are 10.2%, 4.6%, and 1.1% at
the nominal 10%, 5%, and 1% levels. With simultaneous jumps in price and volatility, the rates
are 9.5%, 4.7%, and 0.9%. Both sets of rates are close to the nominal levels, so this design shows
no evidence of overrejection. Power is also similar across the two panels. At ¢ = 2 x 1077, the
rejection rates are 98.3%, 95.9%, and 85.5% in the baseline design and 97.7%, 95.2%, and 85.9%
under simultaneous jumps. At » = 4 x 1077, all three rates exceed 99% in both panels.

This robustness follows from the construction of f(k)?. Every observation used on a given
side of 7 lies strictly on that side, so the scheduled price step cancels from each price difference.
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Figure 3: Rejection rates of the two-sided scheduled-jump test at 7 = 14:00 against the noise-variance jump ¢, at
nominal levels a = 10%, 5%, 1%. Panel (b) adds a log-price step of 0.01 and doubles diffusion volatility at 7. Dashed
lines mark unit power.

Moreover, the two factors of f(k)! are returns over adjacent, nonoverlapping intervals. Diffusive
increments and price jumps therefore enter only through cross-products with mean zero. Dou-
bling the volatility makes these terms more volatile but does not shift the center of the estimator.

5 Empirical Application

We apply the spot noise variance estimator to intraday transaction prices of the SPDR S&P 500
ETF (SPY) from the TAQ database over 2016-2025. The sample contains 2,493 regular trading
sessions; the 21 early-close sessions, which end at 13:00, are excluded. We keep regular-session
trades that have no correction flag and none of the excluded sale-condition codes, and we remove
trades priced far from their neighbors by the screen of Brownlees and Gallo (2006).” The overall
goal is to describe the intraday dynamics of noise variance and to study their relation to scheduled

news releases and trading deadlines. Throughout, times are stated in U.S. Eastern Time.

5.1 Announcement Groups and Estimation

We compare four groups of trading days categorized by the types of news announcements re-
leased on those days.!’ The first group is defined by the 10:00 core-news releases of the ISM

Manufacturing Index, ISM Services (formerly Non-Manufacturing) Index, and Conference Board

9This mild data filtration removes around 0.7% of the total observations; Section SB.1 of the supplementary materials
(Li and Zhang, 2026) gives the details.

Table SB.2 of the supplementary materials (Li and Zhang, 2026) gives the assignment rule and the number of days
in each group.
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Consumer Confidence Index (344 days). The second group comprises scheduled FOMC policy an-
nouncements at 14:00 (68 days). Days containing both a core-news release and a scheduled FOMC
announcement are excluded from these two groups. The third group comprises preliminary and
final University of Michigan consumer sentiment releases at 10:00 on days without either type
of core announcement (233 days). The last group, the comparison group, contains days without
recorded releases in our selected calendar at 10:00 or 14:00 (900 days). The four groups omit 11
joint core-news/FOMC days and 937 days with other recorded releases.

We compare the left and right noise variance estimates using the two-sided test of Corol-
lary 3.1, with two-scale variance estimates and a nominal 5% level. Rejection frequencies report the
fraction of eligible days on which the null is rejected. On each side of a grid time, the spot estima-
tor (7) uses the fixed horizons {3, 4, 5} and up to 300 trades within the adjacent grid interval; a side
with fewer than 150 trades is omitted. The two-scale variance estimates use windows of at most
five and 15 minutes on the same side, which do not cross recorded releases, the NYSE/Nasdaq

closing deadlines, or session boundaries.'!

5.2 Intraday Profiles across Announcement Groups

Figure 4 presents estimates on a five-minute grid from 9:30 to 15:55. The four columns correspond
to the core-news, FOMC, Michigan sentiment, and comparison groups, from left to right. The top
row displays the cross-day averages of the left and right noise variance estimates on a logarithmic
scale, together with the cross-day average of the full-session ReMeDI estimate of Li and Linton
(2022) as a benchmark. Because the benchmark averages over the whole session, including the
open and the spikes, it lies above most of the spot averages. The bottom row displays the rejection
frequencies at the nominal 5% level.

The announcement groups differ most clearly at their scheduled release times. At 10:00, the
average right-side estimate is about 15.1 times the left-side estimate for core news and 9.3 times for
Michigan sentiment. On FOMC days, the corresponding ratio at 14:00 is 16.4. At these times, the
rejection frequencies rise to 46.8%, 31.8%, and 45.6%, respectively. The comparison group shows
no comparable spike at either announcement time, with rejection frequencies of 7.7% at 10:00 and
7.0% at 14:00. Because large changes cluster at known release times, the data support including a
prescheduled jump component in I in (4). Noise models that are continuous at fixed times (Jacod,
Li, and Zheng, 2017; Da and Xiu, 2021; Li and Linton, 2022) rule out such a component.

A separate feature appears at 15:50 in every group. Rejection frequencies at this time range
from 38.2% to 52.8% and equal 42.7% on comparison days. Those days have no recorded release
at 15:50, so the feature may reflect closing-auction activity on the exchanges that list the stocks in
SPY.!? Table 1 summarizes the three rule changes. For each of the four periods they define, it also
reports rejection frequencies across all sessions. As the timing of imbalance information and order

Section SB.3 of the supplementary materials describes the implementation. Section SB.4 reports rejection frequen-
cies under alternative fixed horizons and bandwidths.

12GPY itself is listed on NYSE Arca, whose closing auction restricts market-on-close and limit-on-close orders only
from 15:59 (Rule 7.35-E(d)(2); see 90 FR 43676). Thus neither 15:50 nor 15:55 is a deadline in SPY’s own auction.
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restrictions changes, rejections shift between 15:50 and 15:55. In particular, the rejection frequency
at 15:55 falls after Nasdaq begins releasing early imbalance information at 15:50, even though its

cutoff for entering market-on-close orders remains at 15:55.

Table 1: Closing-auction rules and noise-variance jump rejections.

Nasdagq first
NYSE cutoff q . .
and imbalance imbalance / Rejection (%) Rejection (%)

Sample period Sessions start MOC cutoff 15:50 15:55
Jan. 2016-

26 Oct. 2018 707 15:45 15:50 / 15:50 239 12.4
29 Oct. 2018~

29 Mar. 2019 102 15:45 15:55 / 15:55 9.8 46.1
1 Apr. 2019-

1 Nov. 2019 150 15:50 15:55 / 15:55 38.7 55.3
4 Nov. 2019- .

Dec. 2025 1,534 15:50 15:50° / 15:55 56.4 18.0

Rejection frequencies use the baseline test on the five-minute grid. The NYSE column reports the market-on-close
(MOC) and limit-on-close cutoff and the start of imbalance publication.

Notes": From November 4, 2019, Nasdaq publishes an early imbalance indicator and restricts cancellations at 15:50; full
imbalance dissemination and the MOC entry cutoff remain at 15:55."

5.3 One-Minute Event-Time Dynamics

The five-minute grid locates the sharp changes in I', but it cannot show how long an increase
lasts or how I' moves around it; in particular, the return to baseline by the next five-minute grid
point could reflect either rapid decay in IV or a second, downward jump shortly after the release.
Figure 5 examines the dynamics around the same announcements on a one-minute grid. The
first three columns retain the announcement groups, while the fourth shows the minutes around
15:50 on the 1,534 sessions from November 4, 2019 onwards, which form the last rule period in
Section 5.2.

Figure 5 shows that, at one-minute resolution, each event has a sharp move at the event time—
consistent with the scheduled jump ¢, in (4)—along with more gradual changes before and after
it. For the 10:00 releases, the increase is short-lived. The right-side estimate surges in that minute
and then reverts to its pre-release level in the next. Michigan sentiment days repeat this pattern at
a smaller magnitude. FOMC announcements look different. Both sides rise in the minutes before
14:00, spike at 14:00, and then decline gradually, staying above their pre-event level at 14:10. The
upward drift may reflect anticipation of the announcement and changes in liquidity provision.
Both are plausible before what is arguably the most consequential scheduled economic event.
Event-minute rejection frequencies are 46.8% (core news), 45.6% (FOMC), and 31.8% (Michigan
sentiment), the same as the five-minute values in Figure 4. The last column sharpens the evidence

BSources: Nasdaq Equity Trader Alert 2018-82 and 2019-66; NYSE Trader Update, March 26, 2019.
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discussed in Section 5.2. Under the last rule regime, noise variance spikes in the deadline minute,

which coincides with a peak in rejection frequencies.

5.4 Empirical Implications

Our findings have several implications for the intraday analysis of high-frequency data. First,
the noise variance changes abruptly at times known in advance, and these changes coincide with
scheduled events. They cluster at announcements and are absent at the same times on comparison
days. Both facts support adding a prescheduled jump component to the noise variance model,
especially when studying intraday noise dynamics. Existing frontier models of noise omit this
component.

Second, the findings have implications for empirical practice. Researchers typically estimate
intraday patterns by pooling observations across days at each time of day. Pooling announce-
ment days, which are frequent, with other days combines event-driven changes with the regu-
lar intraday pattern. Researchers should therefore estimate intraday profiles conditional on the
announcement calendar, for example by estimating separate profiles for announcement and non-
announcement days.

Third, prescheduled jumps in I' can arise from sources other than news releases. The deter-
ministic set 7 in (4) can also include times specified by trading rules, such as the 15:50 and 15:55
cutoffs for submitting closing-auction orders and the times when exchanges publish order imbal-
ances. Exchange rulebooks specify these times ex ante. When the rules changed, the spike shifted
to a different time. Researchers should therefore avoid pooling observations across rule regimes.

Finally, our findings have implications for the intraday measurement of other quantities, in-
cluding spot volatility. Researchers often estimate spot volatility using sparse subsamples of high-
frequency data, such as 1-minute returns (Bollerslev, Li, and Xue, 2018; Bollerslev, Li, and Liao,
2021), and evaluate these estimates on a coarser grid, such as every 30 minutes. Because markets
react quickly to news releases, estimates evaluated on a coarse grid may miss abrupt changes in
spot volatility. Finer grids and ultra-high-frequency data can better capture these changes but re-
quire accounting for microstructure noise. Our results show that noise changes abruptly around
these events. Researchers should therefore model and estimate noise separately before and after

each event. Otherwise, they may mistake a jump in noise for a jump in volatility.

6 Conclusion

We develop estimation and inference for the spot variance of serially dependent microstructure
noise, allowing irregular sampling and scheduled variance jumps. Averaging across differenc-
ing horizons yields one-sided estimators asymptotically equivalent to an oracle that observes the
noise. A joint stable central limit theorem and consistent two-scale variance estimators provide
confidence intervals for the left and right limits and a test for scheduled jumps across bandwidth

regimes.
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Simulations support the method’s finite-sample performance, including when noise variance
jumps coincide with jumps in efficient prices and volatility. In SPY transactions over 20162025,
noise variance rises sharply at macroeconomic releases, with recovery dynamics varying across
announcement types. Near the close, bursts align with auction deadlines and imbalance disclo-
sures, and their timing shifts with trading-rule changes. These findings highlight the importance
of accounting for announcement calendars and trading rules when measuring intraday market

quality, and of estimating noise variance separately on each side of events.

Appendix A Asymptotic Conditions for Theorems

In the sequel, we let k, < A%, p, < A% I, < A% and for £ € {1,2}, welet d,, < A,*,
Qo = A%

Condition A.1. Assume that v > 1, and let X € (0, 1).

Condition A.2. Assume that v > 1, and let X € (0, 1) with ¢, := I2A,, — ¢ € [0, ]

Condition A.3. Assume that v > 1, and let A € (0,1), k € (0, \) and o € [0, \).

Condition A.4. Assume that v > 2 and ¢, := I2A,, — ¢ € [0, 00], and let

Ae(0,1), ke (M,A—W), o€ <0,)\—)‘/\(;_)‘)>.

Condition A.5. Define iy := 1y A (1 — 1) for € € {1,2}. Assume that v > 2, and let

_—
liE(Ll Lz,Zl/\Q), 0€ (0,51 NT2), € (kKVo,ur), 65€(0,1—1p),
v

and require (11 — 3) (12 — 3) < 0. In addition, let 6,0 := d2 ,A, — & € [0,00]; if 11 = 12 = 5, we

require 61 # da.

Appendix B Asymptotic Variance Estimators

Inspired by Mykland and Zhang (2017), we propose the following estimator for the asymptotic

variance. For any two sequences of integers {d,}, and {L,},, let ¢, = |L,/d,], I}, = ny,
I' = n; — Ly, and define I(q)}y := {4 + qdn + 2ky,.... I + (¢ + 1)d, — 2k,}. Let
D(gidn)ts = g Yoo’ Licuqyr, [ (knp)ts O(@dn)is = T(gdn)fy — T(g — 15dn)py, and
Y(Ly,dn)}y = 2%1 351 O(q;dn)% for any t € T. Then, let (L, 1,dpn 1) and (L, 2, dy2) be two

pairs of parameters of different scales. We denote (L, 1,d, 1)}y and X(Ly2,dn2)i4 by (1)4%
and %(2)7, respectively. Let §,, 1 := d,QMAn and 8,2 == d,%QAn. We define

S — B(2) &n .— S(1)iy +cnS(2)7y
(5n1_5n,2 P 1+cy ‘

)

~ 51 S — 6, 55(2)1
6(1)%: = : 5_1 _ 5_71 ) 6(2)%: =
n,1 n,2

)

20



We have the following theorem for the consistency of this feasible asymptotic variance estimator.

Theorem B.1. Let Condition A.5 hold. For any l,, — oo, ¢, := I2A,, — ¢ € [0, 0], and t € T, we have
~ P
?j: — 6tia

where G is defined in Theorem 3.2.
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