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Abstract

This note contains supplementary materials for Li and Zhang (2026). Section SA
proves the theoretical results of Li and Zhang (2026), together with the auxiliary re-
sults and technical lemmas they require. Section SB documents the trade filter, the
announcement groups, and the empirical implementation, and examines the sensi-
tivity of announcement-time and midday rejection frequencies to fixed horizons and
spot-window caps. Section SC reports additional simulation results under other noise
amplitudes and degrees of serial dependence. References to equations, theorems, lem-
mas, tables, and figures prefixed with SA, SB, or SC (e.g., Lemma SA.3, Table SB.1,
Figure SC.1) pertain to objects within this supplement; unprefixed numbering denotes
corresponding objects in the main paper.
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SA Mathematical Proofs

This section proves Theorems 3.1 to 3.3 and Corollary 3.1 of Li and Zhang (2026), together with
Theorem B.1. Section SA.1 collects the setting and the technical conditions, Section SA.2 states
the auxiliary results used directly in the proofs, and Section SA.3 contains the proofs of the main
results. Section SA.4 proves the auxiliary results and the further lemmas they require, and Sec-
tion SA.5 proves Theorem B.1.

SA.1 Setting and technical conditions

In the following proofs, we follow Jacod, Li, and Zheng (2017) and Li and Linton (2022) to let
Q=00 xoM, F=70g¢gand P = PO ® PU), where (Q), FO)(F);>0,P©)) is the filtered
probability space where X, a, " and the observation times are defined, with ) = F v o(t} :
i > 0, n > 1) as in Assumption (N). The observation times are stopping times for the enlarged
filtrations (F}");>0 defined in Assumption (O). Let K denote a constant independent of n, which
can change across lines or within one line. Throughout, Lay denotes F-stable convergence in
law, where Fo, = \/ .~ Fs.

We write I'? := F;;z, so that (¢]')? = I'"x? by (5). For t € T and ¢ € {+,—}, we write 1, a,

T T T,
of Li and Zhang (2026) with subscript t+ if ¢ = 4+ and t— if ¢ = —.

For any processes V and U and k € Ny, denote f(V,U;k)! := (V* =V, ) (U"—U!,) and
fv,o)n = pin zlgl f(V,U;kyp)?t, where ky, , = ky, + p. When V = U, we further simplify the
notations to f(V;k)? and f(V)?, respectively. Note that f(V,U;k)! reduces to f(k)! defined in
Section3.2forV=U =Y.

Ote, L fgg, S and éffg for the corresponding quantities in Section 3 and Appendix B

Assumption (K). Let Z satisfy Assumption (H). The process Z and its component processes b%,
o?, and 6% are bounded with |67 (w,t,2)| < J?(z) for some bounded function J?(z) satisfying
Je(JZ(2))?A(dz) < oo.

By standard localization, including localization of the full variance process away from zero as
permitted by (4), it suffices to work under the following bounded assumptions.

Assumption (S-HONV). Let Assumption (O) and Assumption (N) hold. We assume that Assumption
(K) holds for X, o, and I", that the process 1/c is bounded, and that the bounds in (3) hold for all i > 1
without the restriction {t}' | < Tp,}, with constants not depending on m. Furthermore, we assume that
Assumption (V) holds, with bounded scheduled jump sizes ;. There are deterministic constants 0 < I' <
T < oosuchthat T < T <T for0 < s < 1, almost surely.

Throughout the proofs, we write & := o' and W := W' for the volatility process and the
driving Brownian motion of I'" in its representation (2). Under Assumption (IN), the discrete part of
the noise {x; }icz is defined on (2(V), G, P(1)) and is independent of the continuous-time processes.
Write G, ;== o(x; : ¢ < m)and G :=o(x; : ¢ > m),and set pgp = 1. Foranym € Z, ¢ € N, { €



L2(Gm), and & € Lo(G™) (see, e.g., (VIIL3.101) and Lemma VIIL.3.102(c) of Jacod and Shiryaev
(2003)),

1Cov (&, &) < pellell2l€’ll2, B 1Gm) — E(E)]l2 < pell€l2- (SA.1)

SA.2 Auxiliary results

We now state the auxiliary results used directly in the proofs of the main results; their proofs
are given in Section SA.4. The first lemma controls the distance between a fixed time and the
neighboring observation times.

Lemma SA.1. Let Assumption (S-HONYV) hold. There exist deterministic constants K and ng, indepen-
dent of s, ¢, x, such that, forall n > ng, s € (0,1), x > 0and ¢ € N,

E(th ,—s) < KA,  E(s—t1) < KA, (SA.2)
KA,

P, 0~ 5> 2) <
) i

(SA.3)

Next, we introduce a construction used to control the pre-t windows. Under Assumption (S-
HONYV), there exist 0 < a < @ < oo such that < of' ;| < @fort? ; € (0,1). For an arbitrary
sequence of deterministic integers {j,},, we let h,, := Cj,A,, where C > 0 is a fixed constant
such that Ca > 2. Fort € T, let a, := ny_p, + 1, J* := ny — a, and JP* := [oy_p, hn/Dp] — 1 =
|Cay_p, jn] — 1.

Lemma SA.2. Under Assumption (S-HONV), if j, — oo and jn,A, — 0, then, for every t € T,

St Jp

- 0. (SA.4)

Moreover, there exist deterministic integers b, — oo, common to all t € T, with b, /j, — 0, such that, for
the event A" := {|J/" — JI'| < b,},
P (ﬂ A?) — 1. (SA.5)
teT

Next, we decompose the error of the oracle estimator. For (¢,¢) € T x {+, —}, we have f{ig —
[ye = Ggg + H{. + D{, where

Zrtg , Hp' ::;LZ(F" T:), = Z — T ) (2 = 1).

1611" zeﬁg < ﬁ?
(SA.6)
The following theorem gives the joint stable limit of the two leading terms.

Theorem SA.1. Let Assumption (S-HONV) hold, and further assume Condition A.2 and c,, := I2A,, —
¢ € [0, 00]. We have

n n Ls
(G ,C’ >(t,§)e7'><{+,—} — (Gt,C) Htvg)(t,g)eTx{—i-,—} ) (SA.7)



where (Gi¢) 1) and (Hic)(,c), defined on an extension of (2, F,IP), are jointly centered Gaussian condi-
tionally on F with the following covariance structure: for t,t' € T and ¢,¢’ € {+,—},

F?cgl{gzc’ t=t'} ~ nggl{gzgl =t}
e BlHuelF) ==

]E(Gt,CGt/,QI“F) = R E(Gt7§Ht/7g/|f) =0.

(SA.8)

Theorem SA.1 is a consequence of Lemma SA.2, Lemma SA.3 below, and Lemmas SA.8
to SA.10 in Section SA.4. The next lemma replaces H;'. by a Brownian average and shows that

Dgg is negligible.

Lemma SA.3. Let the assumptions of Theorem SA.1 hold. If v > 1, 1,, — oo and l,A,, — 0, foranyt € T

Gec 7 P P
and ¢ € {+, —}, we have un(\‘/fo’%H{g — H}'.) — 0and u, D} — 0, where

= YN (W — W) (SA.9)

Iy iely

The remaining three lemmas compare the feasible estimator f?c with the oracle estimator fﬁg

through two intermediate statistics.

Lemma SA.4. Let Assumption (S-HONV) hold, and further assume (k,, V 1,)A, — 0 and ky, /1,, — 0.

Then, for ¢ € {4, —}, we have un(f,’;g - fzg) 5 0, where f;l,c = i D et Lo f ()R

Lemma SA.5. Let Assumption (S-HONV) hold, and v > 1. For any ¢ € {+,—}, we have
E((ftr’” - fzg)2) <K (ﬁ % k;”), where the trimmed oracle statistic is f;rgn = Zieﬂgg 72,

t,s

Lemma SA.6. Let Assumption (S-HONV) hold. For any ¢ € {+,—}, we have E(|f§‘§ - ftr’”|) <

t,s ~
Kk /ly. In particular, if unky /1, — 0, then u, (TP — T") P

t,s

SA.3 Proofs of the main results

Proof of Theorem 3.1. For (t,s) € T x {+, —}, recall the decomposition fgg —Tvo=GE+H{.+ Dy,
in (SA.6). Conditioning first on F(), by (SA.1) and the boundedness of I, we have E(( P
FOY < K2, g0 (1+|i— i)™ < KI;;* as v > 1. Hence, G, 2 0asl, — .

il €T7
By Lemma SA.1 and Lemma SA.2, and the one-sided continuity of I', we have e :=

3 : 1 2 : 2
n n n Y n
MaX;eqn II? — Ti¢| — 0. Since H{'. + Df. = - ) z‘eﬂ{ﬁg(r“ I'; ¢)x;, and this average of x; has

3
conditional expectation one given F(©), we get |Hi'c + D] < e Op(1) £, 0. Thus, we have
the convergence f?s N I'; ¢ for each (¢, <) under Condition A.1. Since 7 x {+, —} is finite, these

convergence results hold jointly. O

Proof of Theorem 3.2. By (SA.6) and Lemma SA.3, un(fﬁg —Tio) = un(GEc + H{') + op(1) jointly
over the finite set 7 x {4, —}. Hence Theorem SA.1 gives the joint limit Z; . := G + H;, which



by (SA.8) is, conditionally on F, centered Gaussian with independent coordinates and variances
St .. O

Proof of Theorem 3.3. Fix (t,<) € T x {+, —}. By (SA.6), fﬁg Iy = G2§+H&+D2§+ZZ’:1 RO
where R(1)7, = f’;c ~Tr, R =T7, - fiz’", and R(3)}, = f;rgn — fﬁg, with Ty and f;rgn
defined in Lemmas SA .4 and SA.5. Recall that k,, = k,, + pn < A, (Vo) and u 2 =10+ LA,

Under Condition A.3, we have (k, V I,)A, — 0, k,/l, — 0, and ky,l,,u, — oo. Hence,
Lemma SA.4 gives R(1)} 4 0, Lemma SA5 gives E((R(2)7.)?) < K((pnln)™' V k,Y) — 0,
and Lemma SA.6 gives E(|R(3)7|) < Kky/l, — 0. Since Condition A.3 implies Condition A.1,
Theorem 3.1 gives Gi'. + Hy'c + Dy’ RN 0, and (8) follows.

Under Condition A4, we have u, < A, ™72 and kv 0 < A—(AA(1—=NX))/2 gives
Unkn/l, — 0. Hence, Lemmas SA.4 and SA.6 give u, (1)} L 0and upR(3)7 L5 0. Since
uZ < Iy, Lemma SA.5 gives u2E((R(2)7.)?) < K(p,* Vuzk,”) = 0,as o > 0and vk > AA (1 - \).

Therefore,
3

n P
RO =0, (SA.10)

un (T = T%0) = un

which is the oracle equivalence. Since Condition A.4 implies Condition A.2 and 7 x {4, —} is
finite, Theorem 3.2 and (SA.10) give the joint stable convergence with f?i in place of Tl

Finally, Theorem B.1 gives égg LN S, and G, is Foo-measurable. Since &, > 0 almost
surely by assumption, IP’(A,Zg < 0) — 0, so defining the ratio in (9) to be zero on this event does
not affect its limit. As the stable limit of un(f{g —I't ) is, conditionally on F, centered Gaussian

with variance &, , stable Slutsky convergence gives (9). O

Proof of Corollary 3.1. By Theorem 3.3 and the conditional independence in Theorem 3.2, we have
the following stable convergence: un(f?Jr — f?_ — ATY) Ly Zi+ — Z;—, which is, conditionally
on F, centered Gaussian with variance V;. Moreover, Theorem B.1 gives V;" N V;, where V; is
Foo-measurable and a.s. positive. Consequently, P(V;* < 0) — 0. Suppose P(AT'; = 0) > 0;
otherwise the first conclusion is immediate. Since {AI'y = 0} € F; C F, the stable convergence
yields T} EZN N(0,1), and this proves (12). Since T}*/uy, BT = AT'/\/V,, for any € > 0 and
large n, P(AT; # 0, |T}] < z1_qy2) < P(IT}"/un — T > €) + P(0 < |Ty| < 2e). Letting n — oo and
then e | 0 proves (13). O

SA.4 Proof of Technical Lemmas

Lemma SA.7. Let Assumption (N) hold. For a fixed nonnegative integer m and i € Z, define (; :=
Qi(Xis - - - Xi+m) where Q; are measurable functions such that E(¢;) = 0 and sup; |G|, < oo for any
p > 2. Then, for any p > 2 and any finite set I C Z, E(’Ziel Ci]p) < K|IP/2,

Proof. The sequence {(;}; is p-mixing with coefficients pi < Plk—myvo since o (¢; 1 i < a) C Gapm
and o(¢; : i > a+ k) C G**. We denote the elements in [ as I = {ie}1<e<|7 in increasing
order. As we have iy, —ip > rfor 1 < ¢ < £+ r < |I], the reordered sequence {(;, }1<¢<|1| is
also p-mixing with coefficients bounded by pi. Under Assumption (IN), since m is fixed, we have

5



Zr>o(P2r) 2/p < > r>0 pz/p myvo < 0 forany p > 2and v > 0. Then, we obtain E(| >_,<; G, |P) <
K(|IP/?sup; [|GlI5 + 11| sup; (|G )1B) < K|I[P/? following Theorem 1.1 of Shao (1995). The proof is
complete. O

Proof of Lemma SA.1. For s € (0,1) and k € N, let I(k)? := (s — (k + 1)A,, s — kA,]. Form > 1,
let N(k,m)y :==>", 1{t” SO and let A(k,m)™ be the last Correspondmg duration, or zero
when the count is zero. Slnce {tl , € I(k)}} € I!' | and « is bounded by Assumption (S-HONYV),
(3) gives E (A(n, )| I ) > KA, for large n, and we have

ZE( )R W ) ZE( (n,1)| 20 ,) 1{%61(,{)?}) > KAZE(N (k, m)).
By definition, we also have Y ;" | A(n, z)l{tn S, < A, + A(k,m)?*. Thus,
KAZE(N (k,m)?) < Ay, + E(A(k, m)™). (SA.11)

Moreover, (A(k,m)™)? < 3™ A(n,i)%1 (e e1(yr} SO Assumption (S-HONYV) and successive
conditioning imply E((A(k,m)?*)?) < KAZE(N(k,m)%), which combined with the Cauchy-
Schwarz (CS) inequality yields E(A(k,m)™) < KA,+/E(N(k,m)?). This estimate combined with
(SA.11)leads to KA,E(N (k,m)?) < Ap+KAp\/E(N(k,m)?). Thus, E m)y) < K, uniformly
in s, k, m. Monotone convergence yields E(N (k)7) < K for N(k)? = Zizl 1{t§i161(k’)’;}'

The intervals I(k)} partition (—oo, s]. If the duration containing s starts in I(k)}, it exceeds
kA, since tp < s < tp . For k > 1, we have the estimate for the conditional moment that
E(A(n, ) Liamnskant | Z01) < (AR T?E(A(n,i)? | Z7,) < KAuk™2, which yields by succes-
sive conditioning that

N(K)S)

E(A(n,ns +1)) < ZZE<1{1§ * €Ik }A(n Z)1{A(n i) >kAp }) < KA, Z W < KA.
k>0 i>1 k>0

Forr > 2, the event {ns = j} belongs to I, | C Z7, . _,, so conditioning and summing over j > 0
give E(A(n,ns +r)) < KA,. Hence

l
E(ty o —tn.) =E(A(n,ns + 1)) + Y _E(A(n,ng + 1)) < KIA,.
r=2

This proves (SA.2). Since 0 < 7 , —s <t} , — 1t , Markov’s inequality gives (SA.3). O

In the subsequent proof, we also use I'; as the shorthand notation for I'; . Next, we use a
construction of auxiliary index sets for proving the properties of all pre-t estimators. This con-
struction yields index sets that start from a valid stopping time and differ only negligibly from the
original index sets. The constants o, @ and C, the sequences j, and h,, the index a,, and J}, jt"
are defined before Lemma SA.2 in Section SA.2.



Proof of Lemma SA.2. Fixt € T,and let s,, :=t — h,, > 0. Since {a, < i} = {t}’ > s,} € I, a, is a
stopping index and t;; is a stopping time. For » > 0, let H! = 7}

o, +r» and define, for r > 1,

A,

n

AL} :=E (A(n,an + )| Hr_y) — -
anp+r—1

LA(2)) == A(nyan, +7) — E (A(n, an +7)| ’Hf_l) .

Since {a, = k} € I C Ip,, ,, then A1) = 3 1 _py (E(A(n,k+r)\zg+H) - ﬂ)
k>1

Oéz+7,71
Since k and r are deterministic, Assumption (S-HONYV) implies that [(1)}| < K AT A similar
decomposition gives E (((2)7)?| Hr_,) < KAZ. This bound, together with the martingale differ-

ence property of (2);" with respect to (H;'), gives E(maXogjgm ‘qu;:l 2A(2)7 ) < Ky/m A, after

an application of Lemma A.6 of Jacod et al. (2017).

Choose a fixed L > Ca and set j;, = [Lj,]. Let 7 := {JI' < j,} and J{" := {t} < t}. On
their intersection, 0 < J* < j/ and all the relevant observation times lie in [s,,, t]. Let J, := Ca,, jn
and B} := (t —t;,) + (t; — s,). Note that B} > 0. Summing the durations from a,, to n; gives

~ — Jn n
Jr—Jr T =T as, < 1 1) a. ;
]n ]n ]n ; aZn"f‘T—l asn .]TLA’I'L ;( ( )T ( )T) t

Here 1 < j? — jt" < 2, and (SA.2) at t and s,, gives E(B}) < KA,. We also have the regular
bound E(Supue[sn,t] |1/00, — 1/as, \) < K+/h,. This, together with the preceding identity, and the
bounds above for 2(1);" and (2)7, yields

(Ji = JF)/dn

E(1(zpnam) ) < K(Vha VALV 7)o,

It remains to remove the two event restrictions. On (J;")¢ <t,so Zi”:l A(n,an +71) < hy,.

Lot
All the starting times in this sum lie in (s, t), and hence

1 & . N Cha 1 1 C
j,gAnZ(m(l)Ter(Q)’“)Sj;L_ag_(a_L)'

r=1

The last parenthesis is a fixed positive constant. The bounds above for 2(1);* and 2(2);, followed
by Markov’s inequality, give P((J;")¢) < KL(A7 V j,fl/Q) — 0. Also, (J{™)¢ = {t} — sn > hn},s0
(SA.3) gives P((J/™)¢) < KA, /hy, < K/j, — 0. This proves (SA.4).

Since 7T is finite, (SA.4) also holds with the maximum of the absolute errors over t € 7. A
standard diagonal argument, using j, — oo, gives deterministic integers b,, — oo with by, /j, — 0

and P(maxer |J{* — jt"| > b,) — 0. This proves (SA.5). O

Let a := a, + (J' — b,)" and B! := {ty < t, JI" > jn + by} On B?, define the forward
auxiliary sets I°(j )} = {a} — jn +kn,...,af —kn — 1}, 1°(jn)i_ == {a} = jn, ..., a — 1}, and set
both sets equal to () on (B}*)°. For the trimmed set I°(j,)" _, we require j,, > 2k, + 1, as holds in all
its subsequent uses. These sets are 7 -measurable and contain only indices at least a,,. Under the

7



assumptions of Lemma SA.2, we have B} € Z;! and A} € F'. Both follow from the definitions.
Since Ca > 2 and b,,/j, — 0, we have jt" > jn + by for all sufficiently large n. On A7, this gives
Ji* > jn, hence ty < tand AP C B'. On A}, we then have 0 < n; —a = Jj* — JI + by, < 2b,, and
all observation times indexed by the auxiliary sets lie in (¢t — hy,, t).

Let go := minysper [t — /| > 0, with the convention gy := 1if [T| = 1. Fort € T, let ; :=
(t+go0/3) ANland 7, := (t — go/3) V 0. Let r, be a deterministic sequence of positive integers such
that 7, — oo and r,A,, — 0, and define Q(r,,)} := {t} . <, t;,_,. > 7;}. Under Assumption
(S-HONYV),

P (ﬂ Q(rn)?> — 1. (SA.12)

Indeed, apply Lemma SA.2 with j, = r, and h, = Cr,A,. Since jt” Jtn > Ca — 2/r,, (SA4)
implies P(J{* < r,) = 0. On {J}* > r,}, wehave t; . >t} >t— h, > 7, eventually. Together
with (SA.3), this yields P ((2(r,)7)¢) < % + P(J* < ry) — 0. Then (SA.12) follows because T
is finite.

Next, we turn to Theorem SA.1, which is stated in Section SA.2 together with the decomposi-
tion (SA.6). It is an immediate consequence of Lemma SA.2, proved above, Lemma SA.3, proved
below, and Lemmas SA.8 to SA.10, which we state and prove below.

Lemma SA.8. Let Assumption (S-HONYV) hold. Assume l,, — oo, Lmd l,Ay — 0asn — oo. For any
teT,ands € {+,—}, we have u,(H}'. — H{") 5 0, where Hi% = - > ft? o dWy,.
’ ’ el

TL

Proof. Fix t € T. We consider the following proof on the event (I,,)} first, then extend to the
general case. By (SA.12), we have P(Q(l,,)}") — 1 for any t € 7. Writing b:=b"and ¥ := 6", we
have

= 6+/0tgsds+/0t53dws+ (M) = (0 =9), + (Pgaiony) #re

It can also be represented as I', = I'{) + fot b.ds + Jo 7sdW + M; under Assumption (S-HONV),
where the bounded process b, is defined as b/, := b; + f|5|>1 J(s,2)A(dz), and M := 0 * (p — g).
For any € € (0,1], let b'(e)s := b, — f{JF’(z)>e} I(s, 2)A(dz), M(e); = 191{Jp/ y<c} * * (p — ), and
J(e)y =1 (I ()¢} X Py where J' (2) is the bounded deterministic envelope in Assumption (K).
We can then rewrite I', = T, + f(f b(€)ds + Jo 0sdWs + M (€)s 4 J(€):.

Now on Q(l,)} we make the decomposition I — Ty — ftn G dW, = S5_, g(¢)}, for any
ieln '.» where (1)}, := ft b(€)ods, €(1 ro= _ft” b(€)ds, €(2 )ie == M(€)yp — M(€)t, and
e, = Iy — I e i

Let ¢(e) = f{JF’(z)ge} JU(2)2\(dz).  Since b’~is bounded and f{ﬂ/(z)>6} JUV(2)Mdz) <
e~ [ J7(2)?A(dz) under Assumption (K), we have [V (¢)s| < K/e for all s > 0, while dominated
convergence theorem leads to ¢(e) — 0 as e — 0. By (SA.2), optional isometry, the compensation



formula and the CS inequality, we have

o N 1/2
E(’€(2>Zt+m +‘) < E( v / ’19(37 Z)‘2/\(dz)d8> < K mAn¢(€)a
7 ¢ (I <e}
E(I€(1)5,m+| V€GB, 4m 4 ]) < KmAy, /e

These estimates yield %Zij}b:l S E(COR fmi]) < K (\/l Apfe+ /o ) Thus, for any
fixed €, we have limsup,, .. UHE<1{Q(ln)?} ’Ht,+ — Hé’"ﬂ) < K+/¢(e). Since ¢(e) — 0ase — 0,
letting € — 0 proves E(l{g(ln)?}un ‘Hf+ — Hi" ) — 0. AsP(Q(l,,)}) — 1l forany ¢t € T, we have

wn |HYy — H% | = 0. (SA.13)

For the pre-t estimator, we apply Lemma SA.2 with j,, = [,,. On A}, J* > [, gives ny — I, > ay,
sot—h, <t < tforalli e i{t Hence, pathwise on A} N Q(l,,)7, for all such i, we have

|€(1)7_| < Khy/eand
/ / p(ds, dz).
t—hn {JF’>E}
Applying the Burkholder-Davis—-Gundy (BDG) inequality, we obtain

8 (Lgrann Xy Loy 0O 1) < K (ViBa/e+/600).

Since P(A} N Q(l,)f) — 1 by (SA.5) and (SA.12), the argument to obtain (SA.13) gives u,(H{'_ —
Hi™) £, 0, which completes the proof. O

€(2)5 -] < 28upyse (i, b [M(€)s = M(€)in,|, €3

’L—

Proof of Lemma SA.3. Lett(h)y := E(supse[tﬂh] |os — 5t|2>, v(h)— = E<Supse[t—h,t) |os — 5t_]2>
forany 0 < h < min(¢,1 —t). Let f[{”g = > icin (Win — W). We begin with the first conver-
) n (2 t,s 7

~ 73 b ~ ~
gence. For the post-t part, we have H{", — 5, H;", = - I[N (Gs — 51)dWy. Let C(A)P =

{tn, 41, —t < Alp Ay} for fixed A > 0. On C(A)7, the BDG inequality gives
E(l{c oyl |HP, — G H, 2) < KAuR LA t(AL AL )4 — 0,

since u2l,A, = c,/(1 + ¢,) < 1. Moreover, we have lima_,o limsup,, P((C(A)})¢) = 0 by
Lemma SA.1. Taking n — oo first and then A — oo proves the post-t part.

We now consider the pre-t part. Define the martingale H(u), := [ n, (s — Ot—p, )JdW; for
u € [t — hy,t]. By the BDG inequality, we have E(supue[t,hmﬂ |ﬁ(u)n|2) < Khyt(hy)t,—, and



E(supue[t_ hoit) | W = Wi, |2> < Khy,. Then, on A} (defined in Lemma SA.2), we have

H -Gl = >y ()~ H (1)) + Fon, — 5 )L

and |H/" | < 25UDyef—hp 1) [Wu — Wi, |- Since uZh, < K and E(|6;_p, — 6¢|*) < t(hn)s,—, the
two BDG bounds and the CS inequality give E(1{apyun|H{" — at,HfL_|) < Ky\/t(hp)t,— — 0.
Since P(A}) — 1 by (SA.5), it follows that un(ﬁt_f[gl — H") 0. Combining this with the
post-t part for ¢ = 4, and with Lemma SA.8 for the last term below, we obtain, for ¢ € {+,—},
U ( Ots Hp. thg) = up (Gr  H™ — H™) +uy, (H™ — HP) 2, 0. This proves the first convergence

RVASI RS
in the lemma.

We now prove the second convergence. Let D7 := (I'} — I't) (x? — 1). For the post-t part, we

have

(Dtﬁr)z - E Zm:l (Qnﬁm + 12 Z Z Qnt—l-m + nt-i—m—l—k +- (SA.14)

For0 < k <l,—1and 1 < m < I, — k, by the independence of F(¥) and G, (SA.1), and the

estimate (A.6) in Jacod et al. (2017) applied to I" at the forward stopping times ¢! we have

ng+m’
|E<1{Q 00 4m, +©m+m+k’+)| < Kl,Ap(1 + k)~". Summing in (SA.14) and using v > 1, we
obtain w2E (1aq, ) (DF4)?) < Ku2 Ay < KlpAy = 0,

For the pre-t part, the boundedness of I' and the BDG inequality, applied to I on [t — hy, ),
give E(supsepi—py, 0 [T's — Te— ?) < Kl,A,. On A?, this bounds [T — T'; _| uniformly over i €
]I" _, so the argument for the post-t part gives u E(l{Aan( ey (D )?) < Ku?A,, — 0. Since

P(A} N Q(1,)}) — 1, Markov’s inequality gives the second convergence in the lemma. O
Lemma SA.9. Let the assumptions of Theorem SA.1 hold. Let éﬁ = ll > ety (x?—1) forc e {+,-}.
We have

Ls X

tn (Gt’g)(t,Q)ETX{-I—,—} — Grdeserciey

where (Gy)i. is a centered Gaussian vector independent of F, defined on an extension of the original
probability space (Q, F,P). It has the following conditional covariance structure: conditional on F, for any
t,t' € Tands,s € {+,-}, }E(ét7gét/7g,|f) = 1y —o} 7o - ©, where & is defined in Theorem 3.2.

Proof. We use the central limit theorem for p-mixing sequences in Corollary VIIL3.106 of Jacod
and Shiryaev (2003); its process-level form treats the two adjacent windows at each ¢t € 7 jointly.
Enumerate 7 as t; < --- < t|7|, fix real coefficients 0 = (01 ¢)(t.c)eTx{+,—}, and write n = (n¢)e7-
Set X(i;0)t, := Orc(xi — 1) and Zp 1= up Y, 0,.Gp., 0F = = > (t.¢) 07 For every integer
vector v = (v)ier, define W)}y == {vi+j:j = 1,... . 1}, E@), =12 3, o Y oy, X0 O)e,
and ®,(v;6) := E(e’=@n). Thus, E, = Z(n)/,. It suffices to prove that Z,, converges F.-stably to
a centered Gaussian variable with variance o3 independent of F.

Let ¢; := x7 — 1, so that X (4;0);c = 0:¢;. Corollary VIIL.3.106(iii) of Jacod and Shiryaev (2003),
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with p = 2, only involves the law of ((;)icz, so we may apply it on the canonical space of this
sequence, with the shift as the measure-preserving map (see Appendix A.2 of Jacod et al. (2017)).

BEDY ,EZ‘;J (). converge finite-dimensionally in law to v& W

It yields that the processes X" := m
as m — oo, where W is a standard Brownian motion, because by stationarity the constant in
(VIIL3.100) of Jacod and Shiryaev (2003) is E(¢§) + 23 51 E(CoCk) = Yrez(E(xoxi) — 1) = 6.
Since [,, — oo, we have (Xi"7 Xé”) N V& (W1, Ws); see also (A.13) in Jacod et al. (2017).

For an integer v, let S(v)" := Y"1~ 1/1 L, Gir S(W)1L = ijﬁﬁrl ¢i, so that we have Zzeﬂ " G =
S(v¢)?. Shifting all indices by I, + 1 — v and using stationarity, we see that (S(v)", S(v)"}) has the
same law as

(0 G S ) = Vi (b, X = XY 4 (0, Gty = Qo).

k=lp+2

The last vector is 0,(v/1,) since E(¢3) = E(x3) — 1 < oo under Assumption (N), and u,,/v/1,, =
(14 ¢n)~ Y% = (1+4¢)~1/2. Since Wy and Wy — W are independent standard normal variables, we
obtain, for any a—, a4 € R,

Up n n (a®2 +a%)6
Up(a,ay) = E(exp(z E(Q_S(V), + a+S(V)+))) — exp(—ﬁ), (SA.15)
where 1),, does not depend on v.

Let A, :={v:w, —v,, > 4l,, 2 < s < |T|}. Recall gy, 7, 7, and Q(r,)} defined before
(SA.12), and take r,, = 2l,, so that r,, — oo and r,A, — 0. For 2 < s < |T|, we have 7,_, <
ts—1+90/3 <ts —go/3 < 7,,. Hence, on (), Q(21,,)}', we have tzts_l‘i’QZn < tztsﬂln for all such s,
thatis, n € A,,. Thus (SA.12) gives P(n € A,)) — 1

Fix v € Ap. For 1 < s < [T| let U(w)} := = (6r, - S(ve.)™ + 01,4+ S(1,)7}), so that E(v)), =
Z'TI U(v)?,and U(v)? is a measurable function of (x; : |[i—vy,| < 1y). For2 <r < |T|, the variable
| J G etUW)Y ig Gu,,_, +1,-measurable, U W)F is Gvir—In_measurable, and (vt, —1,)— (vt,_, +1n) > 2lp.

Applying (SA.1) to the real and imaginary parts of these bounded variables, we have

’E<H8§r eiU(V)’;) _ E(HS<T ez’U(u)?)E( U W) M <

By stationarity, E(eV")%) = 4, (6, _,6;. +). Since all these characteristic functions have modulus

L <KL

at most 1, a telescoping argument over r gives

.
@u(w;0) — 2 < KT 4 ([T 0nlBrb0) — 32 0, (sA16)

UGAn

where the convergence follows from (SA.15) and o§ = 1+ +C Zm (07 _+06% )6.
Finally, n is 7(*)-measurable and y is independent of F(*), so conditioning on F(©) fixes n and
leaves the law of x unchanged, as in the product structure of Appendix A.2 of Jacod et al. (2017).

11



Hence E(e=" | F(9)) = @,,(n;6), and

E[|E(e= | FO) — 72| < sup |@,(60) — 7782 4 2P(n ¢ A) — 0, (5A17)

veA,

by (SA.16) and P(n € A,) — 1. Since Fo, C F©, it follows that E(Ve=r) — E(V)e %/2 for
every bounded F..-measurable variable V. As @ is arbitrary, this proves the claimed F..-stable
convergence. O

Lemma SA.10. Let the assumptions of Theorem SA.1 hold. Let Erg}g and C:‘Zg be defined in (SA.9) and
Lemma SA.9, respectively. We have

Ls

Un (HZf(? GZ@) (t,§)67’><{+,—} — (Ht7§7 Gt,g)(t,g)ETX{-i-,—}?

where (f[m7 ém)t’g is a centered Gaussian vector independent of F, defined on an extension (Q, F,P) of
the original probability space (2, F,P). It has the following conditional covariance structure: conditional
on F, forany t,t' € T and ¢,¢' € {+,-},

Cl{t:t’,c:g’} . 1
14+¢ 3’

E(ét,cét’,§"f> = ’ E(ﬁt,gét’,§’|f) =0

where & is defined in Theorem 3.2.

Proof. Let H,, := un(ﬁ{fg)(t,g), G, = un(é{fg)(m), Yy = 3(1+C) Iy7 and Xg = 1+c12lTI where I,
denotes a x a identity matrix. Fix z,y € R27| and a bounded F..-measurable variable V. Since
z, y and V are arbitrary, it suffices to prove that (Ve Hnti'Gn) — B (V) e~ (@ Ena+y"S6y)/2,
Both V and H, are F()-measurable, so (SA.17) with § = vy yields E(Ve® Hatw Gn) —
e YV ¥ay2 | (Ve Hn) 4 o(1). Tt thus remains to prove the display for y = 0.

We now represent z*H,,, up to a negligible term, as a stochastic integral. We first define

¢(3)Z+ — ’U‘n\/i ZZGH" 1{t<s<tn} and Qb( ) = _I{Bn Un\/Ott hn Zzeﬂo "7 1{t”<g<t}‘ Note
that both processes are predictable. Then, we have unHt’ i fo )} +dW For the pre-t

part, we have Loamy ‘unﬁt’l_ _ fooo P(s)f -

p gKuan(]\/@ m ) where W7 :=

SUPyeft—hn, g |Wu — Wi-n,|- The inequality is a consequence of the fact that on .A , all observation
times indexed by f?_ Uﬁo(ln)ﬁ_ lie in (t — hy,t), and |]I" AHO( WP | < dby. E((WP)?) < 4hy,
and u2h, < K. Since oy p, — oy, by/l, — 0 and P(A?) — 1 by (SA.5), we get unfln —
Jo% G(s)p AW, | = 0. Set ¢(2) == 3, o) Tecd(w)f and L7 =[5 ¢(x)dW,. Then z*H,— L7,

0, and it remains to show that E(Ve#%) — ]E(V) —0%/2, where 02 := 2*S .

Next we show that (£, L")o = [;%(¢(2)1)?du N o2. Take n large enough that h,, < go/3,
and let 2}, := (", (A} N Q(1,)7); then IP’(Q;;) — 1by (SA.5) and (SA.12). On €2}, ¢(u)}, vanishes
when u is outside (¢, 7¢), and ¢(u)y _ vanishes when u is outside (¢ — hy, t]. These 2|7 | intervals are
disjoint, so (L, L") o = X2 1.0) Tic Jo - (6(5)7) ds.

Fix (t,¢),let &y + == ay and Gy — := ay_p,,and for 1 <m <1, —1leti(m);y :==ni+ 1, +1—m
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and i(m); — := ap — I, + m. The integrand is constant on each observation interval, and counting
the indicators gives, on A7, [*(¢(s)7)*ds = u7dy c€(1)7 + 155~ €(2)7, where E(1)}', =t | —t,
E(1)p_ :=t—th_;, and €(2)}, := lggﬂ S m? A(n,i(m)ye). By (SA.2), E(€(1)2,) < KA, and
¢(1)y_ < Zzb"“ A(n,aj + j); successive conditioning and (3) give E(1;4E(1)7_) < KbyAp.
Since uz A, < I, and by, /l,, — 0, we have v, €(1)7, o
Since ;3 S —1 m2 — 1/3, it remains to show that €(2)§. — ;% S2ln~ 1 m? %5 0. We have,

€(2)7 — 153 LS im? = S, €(2;0)}, where

=,
Z -1),
i ( i(m)eo-1 )
_ A,
¢(2;2)} Z ( yi(m)tc) ‘Iﬁm)mq) - W)?
™ m=1 Z(m)t7<_1
& el
n t, . . n
E:3)], = e Y (A(n,z(m)t,g) — E(A(n,i(m).,) | Ii(m)t,gfl))-
T =1
Since 15,3 Y"1 m? < 1, we have |€(2; D < maxlgmgln,ﬂdt,g/a?(m)tg_l — 1| 2, 0. Next,

we have [€(2;2)}| < KAj by (iii) in Assumption (O). Lastly, for £ = 3, we note that €(2;3)7,
is a sum of martingale differences whose conditional second moments are of order K ATQZ. Thus,
E((€(2;3)7,)?) < KI,9A,2 " 1m*A2 < Ki;' — 0. Since P(B}") > P(A?) — 1, we conclude
that €(2)7. - 1/3, and (L", L") 0 — o2.

Finally, as in step (2) of the proof of Theorem A.4 of Jacod et al. (2017), we decompose e~",
after stopping, into a bounded martingale and a predictable factor of finite variation. Fix C' > o2,
let T, := inf{s : (£", L"), > C}and L := L7 , and let £, := exp(iL7 + (L™, L"),). Then
(L', LMo < Cand [L"| < /2, and 1td's formula gives £, = 1 + i fo Lot ()05, dWy, so
L"isa bounded (F7')-martingale. Moreover, P(L", # L) < P((£L", L") > C) — 0, hence
(L™ L") oo RN o2. Let Vs := E(V | F;), so that Vo, = V. By Theorem I11.4.11 of Jacod and Shiryaev
(2003), V = Vo + [o udWy + N, where 1 is (Fy)-predictable with E( [;° p2du) < E(V?) and N is
a square-integrable (F;)-martingale orthogonal to W. By Lemma A.1 of Jacod et al. (2017), V' is
an (F)-martingale and NW is an (F7*)-local martingale, so (V,£") = i IN ZZqﬁ(m)Zl{uggn} oy du
relative to (F7*). Since V and £" are bounded (F7')-martingales with £, = 1, we get E(VL..) —
E(V) = E((V,£")s). The integrand ¢(x)" vanishes when u is outside the random set S,
User (t = hn, 27, ], and (SA.2) gives E( [~ 14s,} (u)du) < Kl,A, — 0. By the CS inequality,

o o0 1/2
[E(VZY) - E(V)| < <CVE (E/ 15, () ) 0
0
Since Veilh = VLI e~(£"L" /2 and [e=%/2 — ¢=%/2| < |a — b| A1 for a,b > 0,

[E(Vele) — e 72 PR(V)| < KePPR((L", LM o0 — 02| A1) + |E(VEL) — E(V)| — 0.
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AsP(L" # L) — 0, we obtain E(Ve'£%) — E(V)e /2, which completes the proof. O

In the remaining proofs, we use the following continuations of I' without scheduled jumps
neart € 7T:

L(s)t,— == Lsan — Lixpp ATy (s >0), I(s)i+ =Tsnr, (s>1). (SA.18)
They have the increments of I, on [r,0) and [t, ), respectively, and I'(s); — = I, for s < ¢
and f(s)t,Jr =TI'; fort < s < 1. Choose a bounded smooth function fy : R — R with bounded

derivatives and fy(z) = v/ on [[,T], and set 5(s)c := fo(I'(s)ic). Itd’s formula gives the usual
regular increment bounds for 7, its square, and its product with X.

Proof of Lemma SA.4. For p € {0,...,p, — 1}, we have the following decomposition (recall k,, , =
b+ D) F(Y i) = T3 (6 Fnp)i = iy S(O)F, where

S)i = f(Xsknp)i's S2)7 = 7" (XX knp)is

SB)i' = Xt (X, Vi bnp)i's S(A)7 = 7" F (X X5 )i

F(B)F = Vi Xitknp S OV knp)i's (6)F = Xivtonp f (7, X5 knp)i's
(N7 = Vi Xi—knn L (Vs X5 Fonp)i's F(8)F = Xickon p Xithin p J (Vi Konp)7-

Let § (€)% be defined by replacing every occurrence of v; in §(¢);' with §(s):¢ defined after
(SA.18). For the post-t part, write i = n; + m for deterministic m € {k, + 1,...,l, — ky}, and let
HY = Igter—kn,

applying (A.6) and (A.7) from Jacod et al. (2017) to X and (-) 4, and considering the boundedness

, ©G; then 5 (0). 1 is always M, -measurable. By successive conditioning,

of the fourth moments of x, for any ¢ in I}, we have

E(E(S<€>Z+Hg))<{ PO, if0=1,3,6,8;

KkppA,,  if€=2,4,57T.

We also have

o Kk2,A%, if£=1,3,6,8;
E(5@n ) <q "
KkppAy, if€=24,571.

On Q(l,,)7, all observation times used lie in (¢, 7;), so 3(6)? 4+ = 3(0)}, and Lemma A.6 of Jacod

et al. (2017), applied to (§(£)},11m. + )m, gives

Kl Pry AP AP V1), if6=1,3,6,8
Kl Py AP 0PAYP V1), if0=2,4,5,7.

IE<1{Q(ln)?}|ln1 Zieﬂh 3(5)?|> : {

As these bounds are uniform in p, we get u,,E (1{Q(ln)?} \f;g — f?+\> < Kkul, 'y /795 The post-t
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part now readily follows since (k,, V 1) A, — 0, kp /L, — 0, and P(Q(1,)7) — 1.

Next for the pre-t part, define f;”_ and thi by replacing I}’ _ with I°(l,,); _. Take n large enough
that h,, < min(t, go/3). On B}, the auxiliary endpoints are Z; -measurable and lie within a deter-
ministic O(l,,) number of observations after a,. We apply the same conditional estimates and
the maximal version of Lemma A.6 to 1{3n}3 (0)7_, indexed forward from a,. On A}, all times
used by the auxiliary block lie in (¢ — hy,,t), so S( )i = 3§ for £ = 1,...,8, and we obtain
E(1pay 057 —Tom ) < Kb PR A,

On A7, since 0 < ny — a} < 2b,, the set ]IZ_A]IO(ln){f_ is contained in the two index bands of
length 20, starting at the left endpoint and just after the right endpoint of 1°(/,)} . These bands
are Z;) -measurable. Summing the continued-array second-moment bounds over them and using

CS gives the unscaled bound K (b, /1) knAy. Since u, /A, < 1, 1 2, we have

Tp_-Tp ) - (T -1

E( 1yt ) < KR bal 2 — 0.
Combining the estimates above and P(A}') — 1, we get the pre-t part of the lemma. O

Proof of Lemma SA.5. We first decompose f(x)? — x? = &(1)? + &(2)7 + &(3)7, where

— . 1 Prn—1
OO 1= XXk, O = ~XiXimk, OGN = = ) XivknpXithnp:
L
with X7y, = o §"0 Xitknps Xp—ky, = pl 5”0 Xi—kn,,- Then, by the CS inequality, we have

(0"~ T?) < K X3 E((Siey, TI60O7/1)°).
Since  is independent of F(*) and T is bounded, for each ¢ € {1,2, 3}, we have

<;Zi@¢§ I7(( > (;(m] 1221]@1 GRIGIATE

Write r(h) = E(xoxn) for h € Z, so that |r(h)] < K(1 + |h|)™" by (SA.1). For ¢ = 1 and
0 <k < ky/2, theindices i,i+ k are separated from i+ ky, +p, i +k+k, +p' by at least k,, /2. Hence
(SA.1) yields ‘]E Dr&1)7,,) — pn (k4 — p)‘ < Kk;*, and, since ., |r(h)] < o,
the centering term is at most K pnl(l + k)™v. If k > ky/2, the index i is separated from the

E

other three indices by more than £, /2, and the centering of x; gives the bound Kk,". These
estimates lead to |[E(&(1)!&(1)7,,)| < K (p,* (1 + k)™ + k"), k > 0. The same estimate holds
for ¢ = 2. For¢{ = 3,putq =k, +pand ¢ = k, +p/, with 0 < p,p’ < p,. When 0 < k < k,,
the left pair i — ¢,7 + k — ¢/ and the right pair i + ¢,i + k + ¢’ are separated by at least k,,. Hence
E(S(3)76(3)i% ) — Zgj;;lo rk+p—pHr(k—p+ p/)‘ < Kk, . The centering term is bounded
by & o 2omez(1+ 1k — m|)_”(1 +|k+m|)7v < %(1 + k)7v. If k > k,,, one of the two exterior gaps
among the four sorted indices is at least k,,: for disjoint intervals [i —q,i+q¢] and [i+k—¢',i+k+ ']
an exterior gap is at least 2k,,; for nested intervals one is at least 2k; and otherwise the two exterior

gaps sum to 2k. Isolating the corresponding centered endpoint yields Kk, .
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Thus, the same bound holds for all three components and all £ > 0. Summing it over 7,j €
2
[}'. and using v > 1, we obtain E[(li Zieﬂ,’; F?@(ﬁ)?) ] <K ( vk, ) , which proves the

lemma. O

Proof of Lemma SA.6. Let $f := f?c - f;r;” =i Zzeﬂ" AL (e7)2. Since E(x?) = 1 and y is inde-
pendent of (), by the boundedness of T and UI PR = 2k, we get E(|97.]) < Kkn/ly, for both
s € {+,—}. If uykn/l, — 0, Markov’s inequality then gives u,H} 50 for any ¢ € {+,—}. The
lemma is now proved. O

We now state auxiliary lemmas for the consistency of the asymptotic variance estimator. Recall
that ¢, = |L,/d,], and write §,, := d2A,,. For q € {0 e — 1}, welet I', := nyand I} :=
— Ly, and define I(q)7 := { —|— qd + 2ky, . . -+ (¢ + 1)d, — Zk }om(Q)fe = If'c + qdn,
T(q)m = gy and Hy = FO @ Gy - Defme L@ = & Yiergp. TIXE O =
f(q)zg —I(q — 1)” for 1 < g < ¢, and the oracle estimator of the asymptotic Variance i?c =
S (L, dn)f o= 2= > 107 )2
For the pre-t part, we extend the construction before Lemma SA.2 to blocks. Let j, = L,, take
by, ap, Ji, jt”, b, and A} as in Lemma SA .2, and let I(s)} := a, + jt” + s — jy for integer shifts s,
Spi=A{-bp,...,bp}, rn = |bp/dn] + 1and Q,, := {1 — rp,...,¢n — 1 + r,}. Define the family of
auxiliary index sets by

I(g; s)f— :={I(s)} + qdn + ks L(8)) + (g + 1)dy — 2k},

_ (SA.19)
a(s)y = 1(s){ + (¢ — 1)dn + 2kp.

We use four properties of this family. First, I(s)} = n¢—jn, = I when s = s, := Jr—Jr. Thus,
on A7, we have s}, € S, and [(g; s7,)7 = = I(g)'_ for 0 < g < gn. Second, writing s = m(s)dy, + p(s)
with 0 < p(s) < dn, we have I(g; s);'_ = I(q +m(s); p(s));— and |m(s)| < r, for s € S,,. Thus,
Q,, contains every block index ¢ + m(s) with 1 < ¢ < ¢,. Every array V(s), below depends only
on I(g; s)f_ and I(q — 15 )7 _, so it has the translation property V'(s), = V(p(5))gim(s) for s € Sy,
and 1 < ¢ < ¢p. Third, if j,, — oo and d,,/j, — 0, then, for all large n, every index I(s);" + k with
s €S8, U{0,...,d, — 1} and deterministic k > — (7, + 2)d,, equals a,, + ¢ for some 7} -measurable
¢ > 0, since J!" is F;_j, -measurable and .J;* > 2j, —2. Hence the observation times at the indices in
I[(q; 8)f —, ¢ = —rn, at their shifts by at most 2d,,, and at a(s);; are stopping times, and (Ig(s)g)qEQn
is a filtration (the stopping-time property of the family).

Fourth, the family admits a maximal bound over phases. Let x > 1, w, > 0, and let
V(0),...,V(d, — 1) be random variables with E(|V(p)|*) < Kw, for 0 < p < d, and
E([V(p+1) - V(p)|F) < Kwypd," for 0 < p < d, — 1. For z, ..., zg—1 € R, the triangle inequality
and Holder’s inequality give maxp<i<q—1 |2i|" < % Zi:O |2z;|* + Kd<! Z?;g |zit1 — 2i|". Taking
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zp = V(p) and d = d,,, and then expectations, we obtain

< . .
E (0 _max | V(p)| > < Kwy (SA.20)
Now let (V (s),) be an array with the translation property such that, for each ¢ € Q,, the variables
(V(p)q)o<p<d, satisfy these bounds with K not depending on ¢q. On A}, we have |m(s};)| < ry, so
the translation property gives Zq" YV (s 2al™ < 2 4c0, MaXo<p<d, |V (p)g|®. Hence, by (SA.20)
and |Qn| < Kqn,

E(lw} ZZ: IV(sZ)qI’“) < Kgnwn. (SA.21)

Next we introduce a useful decomposition of T'(g )¢ and a triangular summation identity. With
ni == (xi)? — 1, we decompose f(q) =Uy. + Ry

o where

1 1
Uge = d, Z Ui, Rye = d, Z I, AUge = Uge =Ugr g, ARy o= Ry o — Ry .
iG]I(q)Z< iEH(q)Zg

For the pre-t case, we additionally define R(s)g_ = é Zieﬂ(q;s)?, D(th)—. We let Q" :=
Q(r!)? where 7!, := L, + 2d, + 2b, + 4k,, which satisfies r/,A,, — 0 when L,A, — 0. Let
al = I + (¢ — 1)dy,, + 2ky, and M,, := d,, — 4k, + 1. For any array (V;"), summation by parts
gives

dn— k:n
Zzeﬂ(q o Zleﬂ (g—1)7 = ZQ ' Vn tk— 1) (SA22)

where w}! = k for 1 < k < M, w} := M, for M,, < k < dy,, and w} := d, + M, — k for
dy < k < 2d,, — 4k,. The identity also holds for the auxiliary blocks I(¢; s)}*_, with a(s)? in place
ofag _

The following lemma collects several estimates for moments of quantities related to U, and
Ry .

Lemma SA.11. Let Assumption (S-HONYV) hold with v > 2, and assume that d,,, L,, — oo, kn /dn — 0,
dn/Ly — 0,and L,A,, — 0. For¢ € {+,—}and q € {1,...,q, — 1}, we have

IE((AU&)QLF(O)) < Kd7, E((AU;C)“V(O)) < Kd7%; (SA.23)
and, in the post-t and pre-t cases, respectively,
no \2 an—1 no\2
E(Lop) (ARG ,)?) < Kdubu, E(1papy Y (AR )?) < KLuA,. (SA.24)

Proof. By (SA.1), |E(neme)| < K(1 + |¢ — ¢'|)7". Using this, the boundedness of T', and the
independence of x and F©), as v > 2, for any a € {q¢ — 1,q} and ¢ € {+,—}, we have
IE((UC’L‘,C)Q]]-"(O)) < Kd;? DL+ =07 < Kd;'. By adding the two blocks, the first bound in
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(SA.23) follows. Then, by applying Lemma SA.7 with p = 4 conditional on F(*), and the bound-
edness of T', we have E((UZ§)4|}" (©)) < Kd;;%. So, we obtain the second part of (SA.23) by adding
the two blocks.

On O, we can replace I in ARy with f‘(-)t,Jr, whose increments after ¢ are those of the regular
component stopped at ;. Applying (SA.22) to ARy, and using the martingale property and
Yo(wp)? < Kdi, we get E(1yqmy(ARy 1)?) < Kd? Y (w)?A, < KdnA,. The first bound in
(SA.24) follows. Then, by the stopping-time property after (SA.19), applying the same arguments
to AR(s)? _, we obtain E((AR(s)? _)?) < KdnA,, for0 < s < d,and q € Q.

We rewrite AR(s + 1) _ — AR(s)! _ =d,' >, Awg{F(tg(s)g - — D
fixed t and ¢, where Aw}! := wj_; — w}. Therefore, we have

s)g—l-k—l)t:_} for any

E((AR(s +1); - — AR(s)y )*) < K(d,2 Y (Awf)’An +(d,' ) |Awi]AR)?) < Kd, ' Ay,
Thus, by (SA.21) with ¥ = 2 and w,, = d,A,,, and since AR(S:L)Z, = AR} _ on A}, we obtain the
second bound in (SA.24). The proof is now complete. O

Lemma SA.12. Let Assumption (S-HONYV) hold, and d,, N\ ¢, — oo, Ly, — 0, ky A pp — 00,
kn/dn — 0,and v > 2. If k,;° (dn A ﬁ) — 0and ky, (é \/dnAn> — 0, for ¢ € {+,—}, we have

d P
25 (S(Ln, dn)ic — S(Ln, dn)f) — 0.

Proof. We first consider some useful estimates. For any (L,,,d,),t € T and¢ € {+, —}, letﬁ(l),’]‘,g =
f(q){fg —T(q)f, H(2) . =T(q)p. — f(q)?’g, where T’} is defined in Lemma SA 4 (defined on I(q)f.
now). We further denote Afy - 1= AH(1)y . + AH(2); where AH(£)y . = H(l)y, — H(E)y_, . for
0 =1,2. Lete, :=p, ' Vd.k;° V dukn .

We decompose (L, dpn ) — S (L, dn)tc = 2%1 g”:’;l((Aﬁgg)Q + 2A5§g,§@)g7§). For the post-t

case, by Lemma SA .4, we have E(l{ggn}(S(E)?)Q) < KknA, forany i € I, and ¢ € {1,...,8}.

Thus, we get E(1{gmy(H(1)74)?) < Kk,A, by the CS inequality. By the estimate above,
Lemma SA.5, and the CS inequality, for ¢, ¢’ € {0,...,¢, — 1}, we have

— 1 1
B (1qan) [9005 50050 ) < KR B9 0 < K (V).

E (1[990 1|) < KR (pr /2,12 v k7007

Applying (SA.23) and the first bound in (SA.24), we have E (1{9271} (éng)Q) < K(d,'vd,Ay).
Thus, by the CS inequality, for ¢,¢' € {1,...,g, — 1}, we have

E (Lo [9(0507 1| ) < KFatdn) (0,2 v (da20)'1?),

E (1o

5(2)g7+ég/7+‘> <K <p;1/2d7—ll/2 vV k‘;v/Q) (d;1/2 V. (dnAn)l/2)

Hence, we have E(l{QT}]Z(Ln, dn)?y — S(La, dn),?Jr\) < K(en + (en(1V 8,))'/2). Therefore, the
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post-t case of the lemma readily follows given the asymptotic conditions.

For the pre-t case, by (SA.23), we obtain E( q"_l(AU;_)2) < Kd,'g,. Then, for a given
t€ Tandq € {1,...,q, — 1}, we define $H(1; S)g —
factor of (1)’ _, and each variance weight I'? in T'(¢)? _ with §(¢!")7 _, and replacing I(¢);"_ with
I(q; s)7 _. Thus, by the estimates for F(¢); in the proof of Lemma SA .4 for £ € {1,...,8} and the
CS inequality, we have

by replacing v with %(-);_ in every noise

E(|A§j(1; s)g,_|2) < KknAp, E(\Af)(l;s +1)g - — A$H(1; s)gj_|2) < Kd, %k, A,.

Therefore, we have <1{An} q”_l(Aﬁ(l sn)a )2> < Kgnk,A, by (SA21) with Kk = 2

and w, = k,A,. At s = s, the tr1mmed blocks and all the lagged observations used

in $(1) are strictly before t. Hence AH(1)y_ = AH(1; sp)g— on Af.  So, we obtain
(1{Q/nm4n} PRy N (AH(1)y - )2) < Kquk,A,. Then, combining with Lemma SA.5, we get
(1{anmn}z (AH? ) ) < Kd;  qnen.

Using the second bound in (SA.24), we have E(1gmqan) Zg’gl(ARg,,)Q) < KL,A,. Then,
applying the CS inequality to these block sums gives the following estimates for the two cross
terms: 2" E(l{Q/nmAn} Py |AJ§" AU - ]) < Ket/*and %E(l{ﬂmmm} Py \Aﬁ” ARy ) <
K (€n0,)"/%. Combining these estimates gives the bound E(1 g any [ (L, dn)t,,—Z(Ln, dn)i_]) <
K{en + (en(1V 8,))'/2}. The assumed rates give €,/(1 + 6,) — 0. Together with P(Q}") — 1
and P(A}') — 1, we obtain the pre-t case of the lemma by Markov’s inequality. The proof is now

complete. 0
We now make the following decomposition I} = ZUn + 3 P 2EUR ", where
sUn _ o SRa _ o SURn =
D Z (AU )2, B0 = ™ Z_: (ARI)?, S 0= 2% Z AU} AR} .
Let &, := Q" and &' := Q" N A}'. We first introduce the following lemma giving the estimate
for iij o

Lemma SA.13. Let Assumption (S-HONYV) hold. Assume that d,,, qn, Ly, — 00, LnyA, — 0, ky A pp —
00, (kn V pn)/dy, — 0,and v > 2. Then, for ¢ € {+, —}, we have

1 an—1 n \2|n 2 12 | 7 -1
qu(l ferd Do, |dE((AUL) ) —QFT(M61> < K((daAn)V? + Fnd ). (SAL25)

Proof. Forq € {1,...,q, — 1} and a,b € {g — 1,q}, let J(a, )7, := dnE<U£§U£§\HQS> and c(k) :

E((xg—1)(xz —1)),s0 & = ZZO:_OO ¢(k). We denote m(q — 1)?_ as my, - for short. For ¢,¢' >
ml; .+ kn where g € {1,...,¢, — 1}, we have
E(|B (nener |Gy, g) —E(ene)|) < K(Q+EAE—mi )7 AQ+|E= ). (SA26)
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Then, we consider the terms in the same block, thatis, « = b € {g — 1,¢q}. We decompose
I(a,a)l, I‘2( 6= S 1 3(a;m) . where

1
TJ(a: no.— nrn ’ n — I
J((I, 1)q,§ T d, E 00el(a)y, Ff FZ’ (E(WW |gmq,t,c> C(E €)) )

1 nyn
(a Q)q <t % Zf,f’eﬂ(a)? (Ff FZ{ - P%(q)gc)c(gl _ E),

2
I(a;3)" . = FT("”*Z (0 —0))-12 . 6
TS d, Leel(a)y ()i~

By (SA.26) and the boundedness of I', we have E(|J(a;1)7 |) < Kd,j%iﬁv. By (SA.1) and
v > 2, both 3, |e(h)| and Y, |hl[c(h)| are finite. Therefore, since [I(a)?| = dn — 4kn + 1,
E(|3(a;3)2]) < K(kn/dn + di™" + 1/dn) < Kkn/dp.
Now for the post-t case, we have E(l{ﬂm}]f‘ Iy —T7, ),L |) < K(d,A,)Y? by applying
(A.6) in Jacod et al. (2017). Together with the boundedness of - ~ D 00l (@7, le(¢ — £)], we obtain
(1{92"}“((13 2)q,+‘> < K(daAp)'2.

For the pre-t part, let T'(q; s)i_ =t} we define

()i +qdn’
Szl = o Zuen“ =) x (D) -T(t5)e - — T(T(g )7 )7 -)-

By the stopping-time property discussed after (SA.19), boundedness of I'(-);_, we obtain
E(maxoggdn,l > ac{g—1.q} 13(a; 2; r)g,_\) < K(d,A,)Y?. Then, by the translation property to

obtain (SA.21), we get E(l{A?} Zggl > acig—1.q} 13(a;2;85,)7 _]) < Kqu(d,Ay)Y?, where st is
defined after (SA.19).

Lastly, we consider the cross-block term J(¢ — 1,¢); .. Note that there are at most h pairs
(€,0') € I(qg—1)7 . xI(q);, satisfying ¢'—¢ = h. Hence, by the boundedness of I, ), ., |2||c(h)| < oo,

and (SA.26) as for J(a; 1)] ., summing over these pairs gives

q,s’

B(3 - L) < 5 3, (1€ = 01+ B([B(nnelGng, ) - ¢~ 0))) < K.

Finally/ dnE((AUZg)2|H2L,g) - j(q7 Q)Z,g + j(q - 17 q— l)g,g - 23((] - 17 q)g,c' Since EZ,LJr = Qén and
&'~ € A}, summing the above bounds over ¢ and using d,; 1%,21_1] <d;! < k,/d, forv > 2 and
kn > 1 gives (SA.25). The proof is now complete. O

Using the transformation (5A.22), we can rewrite the diffusion-driven part of ARy  as

ARy = 4 Zd"_4k" wy! ftn‘”M osdW;. For the pre-t case, we define AR/(s)! _ by replacing

ctEk—1 q,

the index set of AR with ]I(q, s){ _. The next lemma shows that only the Brownian part AR’
of ARy . matters. An analogous result for spot volatility estimation is Jacod and Protter (2012,
Lemma 13.3.10), which shows that the jumps of the price process do not affect the one-sided local
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estimators of the volatility.

Lemma SA.14. Let Assumption (S-HONV) hold. For an arbitrary pair of (Ln,d ), assume that
dny Gn — 00, LAy, — 0, and ky, /d, — 0. Then, for any ¢ € {+, —}, we have i A i ((AR" )2 —

(ARM)2) L5 0,

Proof. We prove the negligibility of the drift and jump parts of ARy .. For ¢ € (0, 1], we define
V(€)s, M(€); and J(e); analogously as in the proof of Lemma SA.8. We can apply (SA.22) to get
3= AR — AR =377 3(e; 0", where

n
~ 2y, —4kn ,gﬂg+k ~ /» 2dy,— 4kn
\J qg . E n b (6)Sd$7 d qg = E ( )Z" +k>
d . d as

n
ag ct+k—1

and 3(6,3)pr¢ = - S wp AT ()

Let Dy, := (t?h“’ thJrL"], Dy_ = (t}l(—bn)f—dn’t}l(bn)?+Ln+2dn]' By the stopping-time prop-
erty after (SA.19), the endpoints of both sets are stopping times. Define the number of unsched-
uled large jumps within D} as N (e)} := fD" f{ﬁ/ s p(ds, dz) and A := f{ﬂ/ 120 Aldz) < oo
Then, we have P(N(¢)}. > 0) < K)\ L,A, — 0 for any € > 0. On the event {N(¢)}. = 0}, by
definition, we have d(e, 3)y.c = 0 simultaneously for all blocks ¢ covered by Dy’

For the post- case, w}! < dy, gives [J(e; 1)y 4| < KZQd”_4k” ftn”+ ]b’( )s|ds. Thus, a similar

+
argument as in Lemma SA 8 yields E((J(e; 1), )?) < Ke 2d3A2. Next wehave E((J(e;2)7,)?) <
K ‘bd(ge ) z@1_4k" (W) A, < K¢(e)dy, Ay, by the martingale property of M (¢);. We obtain

1 qn—1 - )
LnA ( v, =0} Z<Jq,+>2) < K(e %dn A + ¢(e)).
n n N q:1

For the pre-t case, we define J(¢; s;£)7 _ by replacing the a _ in J(¢; £); _ with a(s); and stopping
all the integrations or increments at 7, for any s € S,, U{0,...,d,, — 1} and ¢ € {1,2,3}.
Let J(s 8)g — _Zz 1 J(€550)y —. We have for 0 < s < d, anquQn

E(13()5 -1 nop 2oy ) < KdnBn((€2dniAn) V 6(6)).

Using the weight-difference argument in the proof of Lemma SA.11, the phase increment of
3(3)2’_1{]\,(6)?7:0} has second moment at most K (e 2A2 + ¢(e)d,*A,). Thus (SA.21) applies
to this array with £ = 2 and @, = € 2(dpAn)? + d(e )d A,. At s = s, all endpoints are be-

fore t, so J(s Wi = Jr_ on A7. Hence we have +— A E(I{An 1{N(€n 70}2 n 1(~g_)2) <
K(e2dnAp + ¢(€)).
Recall that St" L= and &' = " N AP, so the bounds for the two cases can be written

together as E(l{gn Y liver.=o) PRy (Sgg) ) K(e72d, Ay, + ¢(€)); then, by (SA.24), we
also obtain A E(l{gn }an 1(AR” ) ) < K. Since (AR} )? — (AR[")? = 237 AR —(30.)?,
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we apply the CS inequality across blocks, using P(€}'.) — 1 and P(N(e)7. > 0) — 0. Let n — oo
tirst for fixed € > 0, and then let € | 0. This yields the convergence in the lemma. The proof is now
complete. O

Lemma SA.15. Let Assumption (S HONYV) hold. Assume that dny @n — 00, LnA, — 0,and k,, /d,, — 0.

Then, for ¢ € {+, —}, we have LnAn ZZII(ARZZ) LN

Proof. With w? defined after (SA.22), let g := (w})?/d? € [0,1] for 1 < k < 2d, — 4k, and

9 =93, g ., =0 Letep, == A(n,m) - ai: and &, == ell, — E(el |27 _, ). For each block, set

detk n n n
= ng/ oids, £y = (ARy)? — &y,

o tk—1

where here and below the sums over k run over 1 < k < 2d,, — 4ky,. Since A(n,m) = A, /azc +
An((a )=o) + E(el|Z0 ) + &, we have &7 = S7_| &((), where

O (52 — 52 ~2
S /t (2 - GR)ds, K@) =57 > o E(cl 14Tl i),

al k-1

~2 Ut ~9 1
ﬁ(B)tT]L,g = 0t¢ Zk gg ggg’g—&—k;v ﬁ(4 ¢ = . Z gka q,g = Ut,gAn & gl?(an - -

Since ﬁ( )q.c does not depend on ¢ and (g, — 1)dn /Ly, — 1,and 3, gi = 2dn (14 O(ky/dy)), we

2~2 . . .
have L AT Dy 'R(4 )i 30’;’2 . It remains to show that the other terms are negligible.

In the post-t case, all observation intervals used by the blocks lie in [t,t + D,, .|, where D,,  :=

tn. 1,41 — t- In the pre-t case, on A}, we have n; — L,, > ap, so they lie in [t — hn,t), where
D,, _ := h, = CL,A,,. Inboth cases, each observation interval is used by at most two blocks, and

there are at most 2L,, pairs (¢, k). Since 7 is bounded and 0 < g < 1, (iii) in Assumption (O) gives

the following bound, on A} in the pre-t case:

gn—1

D -
An Z Z | (1+angn)sip(|o-u_o-t,§|+|au —Oét§|)—|—KA77 —)O
q=1 te{1,2,5}
Here the supremum is over [t,t + D,, 1] for ¢ = + and [t — hy,t) for ¢ = —. By Lemma SA.1,

D, + = Op(L,Ay) = op(1). Thus the convergence follows from the one-sided continuity of & and
1/ att, the bound D,, — = CL,A,, and P(A}) — 1.

Next, E((¢)?) < KA?Z by (iii) in Assumption (O). In the post-t case, each ¢, appears
in at most two blocks, so martingale-difference orthogonality and the boundedness of o,
give E(( o g"zlﬁ(?))gﬂr)Q) < KL,'. In the pre-t case, we define K(3;s)!_ by re-
placing aj _ in R(3);_ with a(s)y; on A}, it coincides at s = s; with &(3)y_. Then,
we have E((R(3;s)0_)?) < Kd,AZ and, E((R(3;s+ 1) —K(3;5)0_)?) < Kd,'A} as
lg — g2 4| < 2/d,. Thus (SA.21) with kx = 2 and w, = d,A2, and the CS inequality, give
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E(l{A?}ﬁ m A3 ) |) < Kdy,"?. Thus, in both cases A g’;_ll R(3)y . 0.

Now consider Sg’g in the post-t case. Expanding the square in (AR[",)? by optional sam-
pling, the diagonal terms minus & , have zero conditional mean by Itd’s isometry, and the cross
terms by the martingale property, each conditionally on Z" at the later left endpoint. Hence

( +|I” ) = 0, and £" o+ 18 Iin » +—measurable. The BDG inequality, the boundedness of &,
and (iii) in Assumption (O) give E((AR;"JF) ) +E((RE)?) < KdZAZ, so E((£7,)?) < Kd2AZ.
As terms two blocks apart are orthogonal,

E((Zznll g;‘&) > < 3ZZTL ((£2,)?) < Kqnd2 A2,

and hence E((LnlAn q:_ll £27+)2) < Kq, L.
In the pre-t case, we define R(s); _ and £(s); _ = (Al’%’(s)g’_)2 —8(s)y _ by replacing ay _ with
a(s)y; on A}, £(s;,)y - = £7 _. By the stopping-time property after (SA.19), the post-t argument

applies to £(s); _ uniformly in s € S, U{0,...,d, — 1} and ¢ € Q,: it is centered condition-
ally on Ia(s)g;/ it is Ig(s)g+2-measurable, and E((£(s)? _)?) < Kd3AZ. For the phase increments,
AR'(s+ 1) — AR/(s)? _ is a Brownian integral whose integrand is bounded by Kd;,* and sup-
ported on at most 2d,, observation intervals, so its fourth moment is at most Kd,; 2AZ; by the CS
inequality, E(((AR'(s + 1)1 _)*> — (AR/(s)7 _)?)?) < KAZ. Moreover, Y, |gi" — gi_1] < 2, and
each ﬁg”_l 7ds has second moment at most KA, so E((R(s 4+ 1)7 _ — &(s)i _)?) < KAZ. Hence
£(s+1)7 _ — £(s)? _ has second moment at most KA?, and it has the same centering and mea-
surability properties.

For 0 < p < d,, let E(p),?_ = LnA max‘m‘qn‘zq I}:nm £(p)
even and odd ¢ and applying Doob’s inequality over ¢ € Q,, we obtain E((E( )?,)2> <
K|Quld2A2/(La&An)? < Ka, ' and E((S(p + 1) — E(p)7-)?) < K|QulA2/(LaAn)? < Koy 'd,.
Then (SA.20) with k = 2 and w, = g gives E(max0<p<dn 1(£(p)g§,)2) < Kq:'. On
A}, the translation property and |m(s})| < 7, give L e DY) ! £y < £(p(s ) I
MaxXo<p<d,—1 E(p)” As P(A}) — 1, it follows that A an 1 £ae %, 0 in both cases.

Since (ARJ")? = RIr + £

q,s’

o _|. Splitting the sums into

combining these limits proves the lemma. O

Lemma SA.16. Let Assumption (S-HONV) hold, and let §,, = diAn — 4§ € [0, oo] If dp,qn — 00,

zn P I?.6 G2
L, A, — 0, ky A pp — 0, (kn\/pn)/dn—>0,andv>2,wehaveﬁ 1+5 + 1+5 ;Cfti

Proof. Let ¢} := dn (AU} )? — d E((AU )M ). By (SA.23), E((¢))?) < K, and ¢} is H]!\, -
measurable, since the indices of AU are smaller than m(q + 1), with E(y} |H] ) = 0. As
terms two blocks apart are orthogonal, we get E((qin ggl 1/1}}7{)2) < Kgq,!. By Lemma SA.13,
the left-hand side of (SA.25) tends to zero, since d,A, — 0 and k,/d, — 0. The block times
T(q)f. =t @) 1 <q < gn liein (t,t;  ; ]if ¢ = +, and in (t — hy,t) on A} if ¢ = —. Hence

Lemma SA.1 and the one-sided continuity of T' give ¢, Py ! Irz T@r N I'? . Since iij M=
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b S + daE((AUG)?|H;)) and P(EL,) — 1, we obtain 57" /(1 + 6,) — T7.6/(1 + ).

Next, we consider the cross terms, with all sums over 1 < ¢ < ¢, By (S5A.1), the
independence of F(©) and G, and the triangle inequality over the indices of both blocks,
E(E(AU[H; )1 F0) < Kd?(S,ngr, (1+7)7)? < Kd72 Also, E(AUZ,)?|F®) < Kdy" by
(SA.23). We split AU into E(AU? |H] ) and the remainder, apply the CS inequality to the first
part and the same orthogonality to the second, and use E(l (er) > q(ARgg)Z) < KL,A, from

(SA.24) to get for L,, < 2gyd, that

Ky (ai” |, 1 1/2 1/2 1/2
)S . (dn vdl/Q)(LnAn) < K ((dn D)2V (60 /00)Y?).

dn n n
qu<1 fer} |20, AULARY,
Since ((dnAn)Y?V (0n/qn)Y?)/(146,) — 0,and P(E].) — 1, Markov’s inequality gives f]ggR’"/(l—k
5) —— 0.

Then, since iin = dobuds LnlAn ZQII(ARZLS)Q and d, L, Ay, /gn = 0,(1 + 0(1)), combining

2qn
~ 52 ~ ~ ~
Lemma SA.14 and Lemma SA.15 gives Zi’"/(l +6,) =5 322‘(. Since X = Eg;” + Ef;n -
Qig gR’”, these three limits complete the proof. O

SA.5 Proof of the Consistency of the Asymptotic Variance Estimator

The proofs of Theorems 3.1 to 3.3 and Corollary 3.1 are given in Section SA.3. Here we prove
Theorem B.1.

Proof of Theorem B.1. Fix (t,<) € T x{+, —}. Under Condition A.5, Lemmas SA.12 and SA.16 apply

to each pair (Ly, ¢, dny), ¢ € {1,2}, because dp ¢ A (dpeAn)™1 =< A% with KV o < 7y < vk, and

. r2.e 52 .
Ly oAy =< Al=4=% _ (. These lemmas give T}S/E(&n AN 0 . Ths  Ag One — Oy, this
5032 ’

tic 40, T T+6; * 3ou,s
implies €} := X(¢)7 —T7 .6 — T P(1+ dne).

=0
Substituting into the definitions of @(1),?g and é(2)?g gives

’52 n n

. @) - =

On2€T — On,1€5
- ts :
Sat,g 571,1 - 6n,2

S(1) — Ti& = =5 g

Condition A.5 ensures that d1,d2 € [0, 00| are distinct and at least one is finite, so (1 + d,,1)(1 +
0n.2)/10n1 — On2| = O(1), and both right sides are op(1). Since ¢, — ¢, it follows that égg =
(S + e 2)p) /(1 + ) — Sy O

SB Additional Empirical Results

SB.1 Trade Filter

The 20162025 estimates in Section 5 of Li and Zhang (2026) use SPY TAQ trades from 2,493 regu-
lar sessions, excluding 21 N'YSE early-close days. We retain trades with a zero correction indicator,
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a finite positive price, a timestamp in [09:30, 16:00), and none of the sale-condition codes listed in
Table SB.1. Odd-lot trades remain eligible. We then apply a median-based variant of the neighbor-
hood screen method proposed in Brownlees and Gallo (2006) to the observed prices p. For the i-th
trade in one day, let M; be the set of trades j on that day with |j — i| < 100; it contains 201 trades
except near the open and the close, where it is truncated. We define m; as the median of p; over
Jj € M;, and s; as the larger of $0.01 and the median of |p; — m;| over j € M;, where each m; is
taken over its own window M. We remove trade i when |p; — m;| > 3s;/®71(0.75) 4 0.02, where
® is the standard normal distribution function, and keep trades with fewer than 40 observations
for either median. Overall, the trade filter removes only 0.699% of trades, with the breakdown in
Table SB.1.

Table SB.1: Share of SPY trades removed by the filter, 2016-2025.

Number of Share of Total Share of Removed

Criterion Removed Trades Trades (%) Trades (%)
Cancelled, late, or amended 26,655 0.002 0.3
Nonfinite or nonpositive price 0 0.000 0.0
Outside the regular session 2 0.000 0.0
Derivatively priced (4) 5,182,831 0.430 61.5
Contingent trade (7 or V) 777,219 0.064 9.2
Sold out of sequence (Z) 575,903 0.048 6.8
Cash trade (C) 37,461 0.003 0.4
Average-price trade (B) 10,612 0.001 0.1
Late extended-hours sale (U) 961 0.000 0.0
Price far from its neighbors 1,820,369 0.151 21.6
Total removed 8,432,013 0.699 100.0
Retained 1,197,101,562 99.301

SB.2 Announcement Calendar and Sample Construction

Table SB.2 gives the rule that assigns each of the 2,493 regular sessions of 2016-2025 to the an-
nouncement groups of Section 5.1 of Li and Zhang (2026), or to the omitted days. The 21 NYSE
early-close sessions are excluded. The 18 further families in Table SB.2 are the University of
Michigan consumer sentiment, preliminary and final, Fed chair testimony, the Jackson Hole chair
speech, existing and pending home sales, new home sales, JOLTS, factory orders, construction
spending, business inventories and wholesale trade, the BLS preliminary payroll benchmark re-
vision, the Conference Board leading economic index, the NAHB housing market index, and the
Richmond Fed manufacturing index, all at 10:00; FOMC minutes and the Monthly Treasury State-
ment at 14:00; and Federal Reserve G.19 consumer credit at 15:00. The core-news and FOMC
groups do not exclude releases of these families. Release dates are from the University of Michi-
gan release-date table, federalreserve.gov, the Kansas City Fed, BLS notices, Investing.com event
histories, and ALFRED vintage dates.
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Table SB.2: Assignment of the regular sessions of 20162025 to the announcement groups.

Group Rule Days

Core news ISM Manufacturing, ISM Services, or Conference Board Con- 344
sumer Confidence release at 10:00, and no scheduled FOMC
announcement

FOMC Scheduled FOMC policy announcement at 14:00, and no core 68
10:00 release

Michigan sentiment ~ Neither core type, and a preliminary or final University of =~ 233
Michigan consumer sentiment release at 10:00
Comparison Neither core type, and no release of any of the 18 further =~ 900

families listed above

Omitted Both a core 10:00 release and a scheduled FOMC announce- 11
ment
Omitted Neither core type, no Michigan release, and at least one re- 937

lease of the other 16 families

Total 2,493

SB.3 Empirical Implementation

Figures 4 and 5 of Li and Zhang (2026) use the differencing horizons K := {3, 4,5} on five-minute
and one-minute grids, respectively. On each side of a grid time, the estimation window contains

the I, := min(l,, N;+) trades nearest that time within the adjacent grid interval. Here, we set
I, = 300, and N+ is the total number of trades in the adjacent grid interval on the two sides of grid
time ¢, respectively. We omit any side with fewer than 150 trades. We compute the point estimate
directly from (7) of Li and Zhang (2026). We set k, = min(K), p, = |K|, and k, = max(K) + 1.
Section SB.4 reports results for alternative bandwidths and horizons. The same horizon set is used
in the point estimate and in all auxiliary variance blocks on that side.

We compute the two-scale variance estimate as described in Appendix B of Li and Zhang
(2026). Let N denote the number of filtered trades on the day. On each side of the grid time ¢,
let N(5):+ and N(15);+ be the number of trades within 5 and 15 minutes of ¢, respectively. Each
count stops at the nearest of three time boundaries: another recorded release, the NYSE/Nasdaq
closing deadline in force on that date, or the session boundary. These boundaries are the same
on the 1-minute and 5-minute grids. For the small-scale estimator for the asymptotic variance, let
Ly = min(|5vV/N |, N(5)+), di = min(max(|L1/25],4k,), |1n/2]) where the minimum block length
4k, ensures that the trimmed index set in Appendix B is nonempty. For the large scale, when
N(15)¢x > 5ly, let dy = min(max([vV/N],2l,), |N(15)¢+/5]), Ly = min(10ds, N(15)s). At each
scale j = 1,2, let ¢; = |L;/d;|, and use the block origins and inclusive index sets of Appendix B.

We compute a variance estimate only when d; > 4k, N (15)44 > 5l,, and each scale has at least 5
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blocks.

We convert the Appendix B estimate to the units of the point estimator: U4 := &7, /u2, where
u? = 1,/(1 +12A,) is evaluated at the actual window length on that side and A,, = 1/N. The
factor A,, cancels in this rescaling. Because the tuning choices ensure d; < l,, < ds, both auxiliary
statistics enter v;+ with nonnegative weights.

For a significance level a € (0,1), the two-sided test rejects H ; in (10) of Li and Zhang (2026)

L;%ZTF;" > 21_q/2, Where z;_, 5 is the (1—a/2)-quantile of N'(0, 1). We set a = 0.05 through-

out the empirical analysis. This test is the empirical analogue of the test in Corollary 3.1, with the

when

sum of the two empirical variances in the denominator. We apply it to the eligible observations,
those with finite point estimates and finite, positive variance estimates on both sides. At each time,
the rejection frequency is the fraction of eligible days on which the test rejects. At a time common
to both grids, the variance estimates and the test decisions coincide whenever the spot windows
and the horizon sets do. The spot windows can differ, however, when the adjacent minute con-
tains fewer than [,, trades. Sections 5.2 and 5.3 of Li and Zhang (2026) state which samples enter
the cross-day averages and the rejection frequencies.

The data-dependent block lengths and the cap on the number of large-scale blocks are finite-
sample choices that the consistency result in Theorem B.1 does not directly cover. The auxiliary
windows do not cross the recorded releases and closing deadlines, but they can still contain un-
recorded changes. They also overlap across neighboring grid times, which can make neighboring
tests dependent.

For each session, the full-session single-horizon benchmark is the right-side estimator fj;r in
(7)y withn; =0, l,, = N, and K = {5}, keeping the trimming by k,, and the divisor [,, = N. Itis
an average over transaction indices, not over calendar time. We then average it across the days in
each group.

SB.4 Sensitivity to Fixed Horizons and Bandwidth

We assess the sensitivity of announcement-time and midday rejection frequencies to the differenc-
ing horizons and the spot-window cap. Table SB.3 crosses K € {{3,4,5},{6,7,8},{3,...,8}} with
I, € {300,500}; the main specification uses K = {3,4,5} and [,, = 300. The filtering, announce-
ment groups, and two-scale variance construction are the same as before, and the implementation
follows Section SB.3 with the indicated horizons and cap. All results use the five-minute grid
and the two-sided test at the nominal 5% level. Within each column, the six settings use identical

eligible observations, so changes in sample composition do not drive the comparisons.
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Table SB.3: Sensitivity of empirical rejection frequencies to fixed horizons and the spot cap.

Release: nominal 5% Midday rejection
Horizons Cap Core FOMC Michigan 5%
{3,4,5} 300 46.80  45.59 31.76 5.71
{3,4,5} 500 50.87  58.82 37.34 6.23
{6,7,8} 300 39.83  42.65 27.90 5.52
{6,7,8} 500 46.22  61.76 33.05 5.64
{3,...,8} 300 42.15 47.06 31.33 5.75
{3,...,8} 500 4826 58.82 35.19 6.01

All rejection frequencies are percentages at the nominal 5% level. Release-time results use common samples of 344
core-news days at 10:00, 68 FOMC days at 14:00, and 233 Michigan sentiment days at 10:00. Midday results pool 27,740
observations eligible under all six settings at five-minute grid times from 11:00 through 13:30 on the 900 comparison
days.

Release-time rejection remains substantial across all six settings, ranging from 39.83% to
50.87% for core news, 42.65% to 61.76% for FOMC announcements, and 27.90% to 37.34%
for Michigan sentiment. Increasing the cap raises release-time rejection for every horizon set,
with the largest changes for FOMC announcements. Midday rejection varies more modestly,
from 5.52% to 6.23%. Thus, the contrast between scheduled releases and midday observations
persists, although the magnitudes depend on the tuning parameters. The baseline midday rate
here is 5.71%, compared with 5.72% in the main paper, because the common sample contains
27,740 observations rather than all 27,893 observations eligible under the baseline specification.
These frequencies describe empirical sensitivity: the calendar-defined comparison days are not
known-null observations, so their rejection frequencies do not estimate test size, and release-day

frequencies are not power estimates against a known alternative.

SC Additional Simulation Results

We complement the simulation study in Li and Zhang (2026) by varying both the amplitude K,
and the AR(1) coefficient p, of the transitory component. All other features of the data-generating
process remain unchanged, and each design uses 1,000 replications. Figure SC.1 reports the rel-
ative RMSE of IA“,? at 9:45 for /,, = 500. For both noise amplitudes, adding horizons substantially
reduces RMSE, especially when serial dependence is strong and the initial horizon k,, is small.
With K., = 2.5 x 1074, RMSE continues to fall over the reported range in all panels. With the
weaker noise K., = 107%, the gains eventually flatten and some curves turn upward slightly, but
the minimum RMSE remains below its single-horizon value in every displayed design. These re-
sults confirm the efficiency gains from the multiple-horizon design, but also caution against using
too many horizons when the noise signal is weak: variation in the efficient price becomes more
influential as the differencing window lengthens and can generate nonnegligible finite-sample

error.
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Figure SC.1: Relative RMSE of [} att = 9:45 over 1,000 replications with l,, = 500. Rows vary the noise amplitude K,
and columns vary the AR(1) coefficient p,.

Figure SC.2 examines the feasible CLT at 12:00 with {,, = 500 under two noise amplitudes
and three degrees of serial dependence. We use horizons {3,4,5} when p, = 0.1 and {6,...,12}
when p, € {0.3,0.5} for both the spot and asymptotic variance estimators. The sample quantiles
remain close to the corresponding standard normal quantiles in all six setups. Thus, the normal
approximation remains accurate when the noise amplitude is reduced and serial dependence is

strengthened.
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Figure SC.2: QQ plots of the standardized statistic in (9) at ¢ = 12:00 over 1,000 replications with I, = 500. Rows vary

the noise amplitude K, and columns vary the AR(1) coefficient p, . The differencing horizons are {3, 4, 5} for py = 0.1
and {6, ...,12} for p, € {0.3,0.5}.
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