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Abstract

This note serves as the online supplementary material for Li and Yang (2025). Section
S.1 presents additional simulation results. Section S.2 presents and proves several lemmas,
which will be used to prove the main results in Li and Yang (2025).

S.1 Additional Simulation Results

S.1.1 Endogenous deviations

This section presents additional simulation results under the same conditions as Section 5 in
Li and Yang (2025), with the explicit inclusion of cross-covariance between the deviations
and the efficient price. The cross-covariance is modeled as a correlation between the
deviation’s innovation and the Brownian increments at a displacement of 1, denoted by
v = corr(dW;;1,e;). We evaluate two levels of correlation strength: v = 0.3 and v = 0.6.
Results for negative v are omitted, as the rejection rates for our left-sided tests are nearly
always 100%.

Table S.1 reports the results. The top panel displays results for v = 0.3, and the bottom
for v = 0.6. Consistent with our analysis in Section 4.4 of Li and Yang (2025), positive cross-
covariance reduces the rejection rates for left-sided tests, with more pronounced reductions
for larger cross-covariance values. For a fixed v, the power reduction is more significant for
smaller errors. Nonetheless, left-sided tests remain effective for large errors, even with positive
cross-covariance.

When positive cross-covariance at displacement 1 is present, our right-sided test with a
single horizon K = {1} is expected to effectively detect the error terms. Table S.1 confirms

this, showing that the right-sided test using returns over a single horizon (denoted as K)
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achieves exceptionally high rejection rates across nearly all models. However, caution is
warranted: part of this strong performance stems from the numerical specification of the cross-
covariance at displacement 1. In practice, such prior knowledge about the cross-covariance
structure is rarely available. Under these circumstances, two-sided tests offer a more robust
and reliable alternative.

The power gains of two-sided tests—denoted as |K,|—are particularly significant when
using a single horizon with ¢/ = 0, and this aligns with our earlier analysis. Compared to
left-sided tests, two-sided tests with ¢ = 1,2 exhibit pronounced power gains across several
models. Moreover, these gains grow as cross-covariance values increase.

This numerical study shows that the presence of cross-covariance between the deviations
and the efficient price can reduce the power of our tests. However, a quick remedy is to use
the two-sided tests, or a right-sided test if one has prior knowledge of the cross-covariance
structure. These tests are quite robust to the presence of cross-covariance and maintain higher

rejection rates even when such dependencies exist.

S.1.2 Other alternatives

We conduct simulation studies to evaluate our tests against various alternative models beyond
the conventional signal-plus-noise frameworks discussed in the main text Li and Yang (2025).
Although these alternative models are not the primary focus of this paper or the mainstream
literature, we believe that the findings warrant a brief discussion to illustrate the usefulness
and robustness of our method.

We evaluate three classes of alternative models: fractional Brownian motions with varying
Hurst parameters, purely stationary ARMA processes, and drift bursts discussed in recent
literature (Christensen et al., 2014; Andersen et al., 2023; Laurent et al., 2024). While the
models under each alternative hypothesis can be identified using either left or right-sided tests
with greater power, such testing strategies necessitate prior parametric knowledge, which is
unrealistic in practice. Therefore, we advocate for the two-sided test outlined in Section 4.5 of
Li and Yang (2025) to achieve robustness against a broader class of alternative models.

Table S.2 reports the rejection rates under various alternative models of market inefficiency.
As expected, the fractional Brownian motion (fBm) with Hurst parameter H = 0.55, which
is close to standard Brownian motion (H = 0.5), is difficult to detect, as evidenced by the
relatively low rejection rate of approximately 16% across all test statistics.

In contrast, the stationary alternatives—represented by AR(1), MA(1), and ARMA(1,1)
processes—are more readily detected, particularly when employing multi-horizon tests.
The performance improves notably from |Ky| to |K;| and further to |Ks|, suggesting that
incorporating multiple time horizons enhances the power of the tests against persistent but
stationary deviations from efficiency.

For the drift burst process, we observe strong detection power even in the case of mild
explosiveness, specifically when a = 0.55. Notably, the multi-horizon test statistic |Kj]
achieves a rejection rate of nearly 89%, indicating its sensitivity to subtle departures from
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efficiency induced by locally explosive trends. As « increases, reflecting stronger drift bursts,
the power rapidly approaches 100%, demonstrating the effectiveness of our testing procedure
in identifying increasingly pronounced inefficiencies.

The robustness of these results is supported by the consistent pattern across different
alternative models. For instance, the superior performance of |Kj| is not limited to one specific
data-generating process but holds across both stationary linear models and path-dependent
drift burst dynamics. Moreover, the use of two-sided tests ensures that deviations from the null
hypothesis are captured regardless of their directional bias, further reinforcing the reliability
of our inference framework.

Model | fBm fBm fBm AR(1) MA(1) ARMA(1,1) Drift burst
Statistics H=0.2 0.55 0.8 01=07 Y¥1=07 (0.7,0.2) a=055 0.65 0.75
|Ko| 100.0 159 100.0 58.9 14 2.6 4.3 24.3 82.8
|K | 100.0 19.6 100.0 84.1 100.0 62.8 45.8 90.2 99.9
|Ko| 100.0 189 100.0 88.9 100.0 91.0 88.9 100.0 100.0

Table S.2: Rejection rates of the null hypothesis of an efficient price process (Ho) under alternative models of market
inefficiency, including fractional Brownian motion (fBm), stationary linear processes (AR(1), MA(1), ARMA(1,1)),
and the drift burst hypothesis. Results are reported at the 1% significance level. The statistics |[K¢|,£ = 0,1,2
denote two-sided tests derived from the methodology in Section 4.5 of the main text Li and Yang (2025). For the
drift burst model, o € (0.5,1) governs the intensity of the locally explosive trend (higher o implies stronger drift
bursts), as defined in Christensen et al. (2022). Simulations use 1,000 replications. The parameter g, denotes the
autoregressive coefficient in AR(1), 91 the moving average coefficient in MA(1), and (o1, %:1) for ARMA(1,1). We
set the innovations in the ARMA processes to have unit variance.

S.2 Mathematical Proofs

In this section, we present and prove several technical lemmas required for the main results
in Li and Yang (2025). These results are derived under the general framework outlined in
Section 4 and the Appendix of Li and Yang (2025), where the efficient price and its various
components follow a semimartingale with a jump component, the observation scheme {77},
is random, and the deviations exhibit stochastic scaling. In the sequel, we denote F* := Frr,
and V" := Vpr for any process V.

For clarity, equations, theorems, and other numbered items from the main text (Li and
Yang, 2025) keep their original Arabic numerals, such as (1), (2), and (3). In this supplement,
new equations, theorems, lemmas, and similar items are labeled with an “S.” prefix to
differentiate them from those in the main text. For example, new equations in the supplement
are labeled as (5.1), (5.2), and (5.3).

In the sequel, K will denote a constant that may change from line to line, or even within
one line; when it depends on some parameters par, we write it K ,,,; but it never depends on n

or other indices such as i, j.



S.2.1 Preliminaries and Notations

We will use several classic estimates for It6 semimartingales (Jacod et al., 2017). Let V be any
of the processes X, b, 0, a, 1/, v (or any power of them), we have for any two finite stopping
times S < 5/, and any w > 2 the following

[E (Vs — Vs| Fs)] < KE (S — S| Fs) (S.1)
E (supgcscs |Vs = Vs|”| Fs) < Kuw (E (S = S| Fs) +E((S" = 8)"| Fs)) - (S2)

Under Assumption (H-X), we have the following decomposition X; = X/ + J;, where

t t
X = X +/ bsds—i—/ osdWy;  Jy —/ 8(s,z)p(ds, dx).
0 0 [0,6] xR
Let ¢ € [0,1), and k be a positive integer. For any integers i € N*, let
m(k)! = (2t = Dk + q; m(k)I:=m(k)! £k (5.3)

where g;, := [2¢k] and |- | is the floor function.
We introduce the following notations for any two processes V' and U:

n(k)i—1

1
FVUsk, @) = Y f(VU R 4 o500 FOVIU R} ::/0 F(V,Usk, q){dg.
=0

where f(V,U; k)}' .= (V"= V2, ) (U, — U}*) for any processes V and U and a positive window
size k, and n(k){ = |[(n¢ — qr)/(2k)]. When V = U, the notation f(V,U;k)" is identical to
f(V; k) in Section 3 of Li and Yang (2025).

Note that F(V,U; k, q) is the sum of the products of the increments of V' and U over non-
overlapping blocks of size 2k, with initial points determined by ¢ (or gx), and n(k){ is the number
of such blocks. The integral F/(V,U;k)} is the average of F(V,U;k,q); over ¢ € [0,1), or

equivalently, ¢; from 0 to 2k — 1. Thus, one can also write

n 1 e n
When V = U, we write F'(V; k) and F(V; k,q)} for brevity.
By a classic localization procedure, we can replace the three assumptions (H-X), (O-p)

and (N-6-v) by the following stronger one:

Assumption (S-HON). Assume Assumptions (H-X), (O-p) (with 7y = oo) and (N-0-v) hold.
Assumption (H) hold for b, o, c,~y. The function § and the processes b,o, o, 1/, v, X are bounded,



and there exists a nonnegative function I" on R, satisfying

6(w,t,z)| <T'(x), /R(F(x) A1) Mdz) < oo, ny < KtA L S4)

IE (A(n,i) — An/af | Fiy)| < KA, E(A(n, i) | Fy) < KAL, k> 2.

S.2.2 Technical Lemmas

We first present a useful lemma concerning the random observation schemes {7}'};. For
detailed assumptions and descriptions of this scheme, see Section 4 and Appendix A.2 in Li
and Yang (2025).

Lemma S.1. Forany j' > j > 1,k > 2,
E(Tp —TMFM) <K (G —5)An, E(TP TN FP) < K —5) An)™ (S.5)
E(Tp — T} = (' = ))An/af | F7)| < K(5' = 5)An (A V (5" = 7)An); (S.6)
E((T) 17 = (' = DA/a))’| ) < K (G = DA (AGV (G =) V(G = )A) . 67)

Proof. (S.5) follows directly from (S.4), the boundedness of 1/«, and Holder’s inequality. Now
let d} := A(n, k) — Z==. Note that

T = TP — (' — j)Anfal = A1), +A(2)"

43"
where (L7, = AnXd i (G — ) 2@, = Y j+1d2§ (S4) and (S.1) imply
(E(m(l) j) < K(An(j' — 5))% (5.4) also implies ‘E( j) < KA — ),
and this proves (5.6).

Apply (5.2) (for 1/a) and (S.5), we have

;
B (@) ) < K6 =983 3 E( (- 3) 7)) < K6 -pan
k=j+1 k—1 J

By applying (S.4), successive conditioning, and Cauchy-Schwarz inequality, we have
E ()57 F7) < K (82(7 - VD B (R [E( wl F ) 7))
< K((7' = )A)* (AR V(7 =)

This completes the proof of (S.7). O

Lemma S.2. Let S, S’ be two finite stopping times, and let V be a local martingale. Ug is a
bounded variable that is measurable with respect to Fs/. Then, we have

[E(Us/(Ver — Vg)| Fsrag)| < K |E (8" — S| Fsns)] -

Proof. (i) Assume S’ < S, then the result follows immediately from (S.1) and the fact that U is



bounded. (ii) Now assume S’ > S, we define a (bounded) martingale M; := E (Ug/ | F;). Thus,
we have Mg = Ug/. By the analysis in (i), we have

IE(Ms(Vs: — V)| Forns)| < KE (8" — S| Fs) . (S.8)

Next, by the representation theorems for martingale, see, e.g., Theorem III 4.34 of Jacod
and Shiryaev (2003), both M and V have bounded quadratic variation whence bounded co-
variation as well. It is easy to see that

Sl
[E (M — Ms) (Vs = Vi)l Fsrns)| < K|E( /S AV, M], | Fs)| < KE (' - 5| Fs).
which, when combined with the earlier result in (S.8), completes the proof. O

Recall X’ below is the continuous part of the efficient price X.

Lemma S.3. Let & be a positive integer. For any ¢ > k, we have

B (F(X30)7| Fiog)| < K (kAR S9)
)E ((f(X’; k)?/kAn)z‘ lek) - (a{ik)‘*/(a?,k)zl < K(kA, V AL); (S.10)
(B (f(XS R (X5 R)E | Flp) | < K (kAR (8.11)

Proof of (S.9). First of all, we rewrite E(X/"?, — X/ | F') as

n
Ti+k’

Fon I?HE(/T; (bs—b?)ds‘]-"[‘>.

n
2

b
Lk + OB (T7, — T7
o

7

Recall that b/« is a bounded stochastic process, we have, by Lemma S.1 and Lemma S.2 that
‘JE((XZ’" — X br ol | f?—k)‘ < KEkA,. Now we have by the boundedness of b, (S.6) and
Lemma S.2 that

mn

(o (M = ) (K- X0 | FL) | < KOk (6 v AD)

kA,

Finally, by first conditioning on \/;J;]f o(A(n, 7))V F and then applying (S.1) (for b), we have
E( frat (b — b)ds | 77)
of Lemma S.2 :

< K(kA,)?, which yields the following after another application

™
'IEJ [E( / P bs = byds | F) (X - x| Ao | < KAL)
"
Hence, the conclusion readily follows. O



Proof of (5.10). Denote

Tin Tin Tin
%(1);%:/ byds, ¢(1)y::/ olds, @(1);?::/ o dW,

n n

T" n Tn
%(2);1;:/  pads, @(2);1;:/ ™ o2ds, @(g)g;:/ Y I,
T7l

n n
k3 7

Thus, we have (f(X';k)7)? = (B(1)" + @(1)”)2(%( ) +D(2)?)2. An immediate observation

is that that the leading term in E ((f(X'; k)")?| F/*,) is given by E ((D(1)7)(D(2)1)?| F-r),
which is equal to E (€(1)2€(2)?| F* ;) by successive conditioning and It6 s isometry.
Rewrite €(1)!" = €(1)? +@( i, €2)r =6 (2)F + 2(2)}, where

Ty
‘5(1)?:/ (02_(‘7?—k)2)d37 P(); = (of ) (T} = T1Lp),

Cauchy-Schwarz inequality and the estimate (S.2) (for o) yield
E(1)7] | FiL) VE(CQ)F] | F) < K (kAn)*2,

Thus, the leading term in E (€(1)7€(2)?| F*,.) is E (2(1)?2(2)?| FI* ). Now apply (S.6), we

have

By (5.1), we have

E ((0" )% afy, ((07)2 )i — (o] 1)% i) | Fii) | < KA.
Now the proof is complete. O

Proof of (S.11). Now let €} := x5 E((X]" — X[2)*(X[ly, — X{1) | FI'). By successive
conditioning and (S.1) and (S.2), we have the boundedness of ¢7'. Then Lemma S.1 and Lemma
S.2 imply that |E (X/» — X/ )e?| FI' )| < K(kAy)3. This proves (S.11).

O

Lemma S.4. We have for 0 € [0, 1] and any positive integer k,
E(|F(Y;k)} — F'(x; k)7'|) < KAZ (5.12)

where F/'(x; k) i= o S0y (An% )2 f(x; k)2



Proof. We make the following decomposition

8
2k (F(Y; )} — F'OGR)E) = Y D €07, (5.13)

where

E() = F(X;R)T, €2)7 = A2y xirnf (1 R)7, €3)F = Al yiin (X, 7 k)T,
) = Al xi i f (7, Xi k)P, €)= AVl f(x, X5 k), €(6)] := AlAT f(X, x; k)T,
E(N)1 o= A2y i f O R)E €)== A2y xamnf (v, x: k)7

It’s trivial to show that

9 KAZH0 g — 2
E((e0)r)?) <
KA2t20 =3 4,

Whence, by Cauchy-Schwarz inequality, we have

nt—k
Y E(EOF) < KA, £=2,3,4. (S.14)

Based on successive conditioning and the standard results provided in Chapter 2 of Jacod
and Protter (2011), it is not hard to show

E(|E (f(X; k)71 F) +E((f(X;5)7)?) < KA,
which in turn imply
5|0 e

Now let H} := F' , ® G. Then, we have

) < KA. (S.15)

E(|E (f(X, x)} I HI)]) < KE(|E (X; — Xi—k| F' ) |) < KA,

On the other hand, we also have E((f(X, x;k)?)?) < KA,. Another application of Lemma
A.6 of Jacod et al. (2017) leads to

B(3 1Ak < K.

ne—k

Similarly, we can prove E (ZZ: e [FOGXs k)7 ]) < K. Using the same technique, we can show

ne—k n n
E(Zizk (i d O3 B)F L+ Ik (v, X5 F)i !)) < K.



By the boundedness of vy, we have

ni—k KA?, (=56
S TE(e)) < (S.16)
= KA» (=738
Now the result follows immediately from (5.13), (5.14), (5.15), and (5.16). O

Lemma S.5. Let § € [0, %) . For any given positive integer k, we have

t
E(’QkA}L29F(Y,I€)?+g(]€,T)/ ,VSZdAS ) <KA2 1+v/\(1 9)/\( 29). (817)
0

Proof. We introduce the following decomposition
" 4
20 EE (Y k)P + g(k;r) A% / YdAs =D D)},

with

D)} = Ay Y (A (FOG R + glkir)):

D)} = a(kir) 3 (AL (@A, i +1) — Ag)

o =gtk [aa - orarami+ )
D)} =20,k (F(Y;k)) — F'(x; B)}) -

Let k,, > 2k, and define
H =T @ Giok,, OF =02 (fOck)! +g(kir)).

Thus, 67" is ”H,L '\ k11, Mmeasurable. We have
a( o)

Lemma A.6 in Jacod et al. (2017) y1e1ds IE(|’D( ) < KAZ (kv vV V/Apky,) . Now let ky,

) < Khky', EB((07)?) < K.

ALY e have B(ID(1)7]) < KAY . Next, by Lemma A.2 of Jacod et al. (2017) we
have E(D(0)p]) < KAZ ™ for ¢ = 2,3. Lemma S.4 implies E(D(4)7]) < KA. This
completes the proof. -

Now we state and prove a key theorem.

Theorem S.6. Suppose that Assumption (S-HON) holds, we have the following functional

stable convergence in law:

n ‘CS
F(X/§k7Q)t> — (th)qe[()yl)’
q€[0,1)

(s

10



where the limits are defined on an extension ({2, F,P) of (€, F,P). Conditional on F, each Z{
is Gaussian, and for any ¢, ¢’ € [0, 1), we have

, , t 4
E(zizf | F) = @19 / Zs d A,
0 O

(k—lgr—q,])? ‘

where I is the expectation with respect to P and @i’q = T

Proof. (i) We first prove the convergence result for any ¢ € [0,1). According to (5.9), and the
fact that n(k){ < A%, we readily get that

n(k)?
1 n
N Z B | Py )| < KB,

According to (5.10) and Lemma A.11 of Jacod et al. (2019), we can derive that

k)f (k)i 4/<:An
e | ]-""

(74

t
+ O, (kA, V AR) &/ s _qA,.
0

2
20z

kA = (o)

Using (S.2), and by successive conditioning, we have
n(k){

kA 22 e | Fogys ) < KkAy — 0.

Now assume M is a bounded martingale that is orthogonal (in the martingale sense) to .
Then, by the orthogonality and the martingale properties of W and M, it is easy to see that

n(k){
1 n n P
—= > ]E(f(X,;k)m(k)?(Mm(k)g =My ) | Pz ) — 0.
o=l

When M = W, one can use Lemma S.2 and the same techniques used in the proofs of the
previous lemmas to show that the LHS above converges to zero in probability. Now Theorem
2.2.15 in Jacod and Protter (2011) yields the following functional stable convergence in law:

2
1 «— Os
with 3, = o
role of ¢ is trivial in this part. Hence, the same conclusion holds for ¢'. (ii) Now we turn to
the covariation/correlation between B? and B? here for ¢ # ¢ (the case ¢ = ¢ reduces to
variance). According to (5.9), and upon successive conditioning, one can readily get that

n(k)? n(k)? n(k)? n(k)?

1
A Z; Z; ‘E(f(X’ k) maieye f (X )m(k)q ‘_ A z; Z (kA)* < KkA,,.
iz il
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Hence, we only need to consider the cases where i = j or |i — j| = 1.

Without loss of generality, assume ¢ < ¢'. Let us examine the case where ¢’ — ¢ < 1/2 first.
Consider the case j = i. For notation simplicity, let

m(k)f_’ P mep

Obviously, we have £(0)} < t(1)!" < t(2)? < t(3) < t(4)! < t(5)}. Then we can rewrite
F(X; k)fn(k)g = ((X&z)y - Xt’(l);) + (Xé(l)? - Xé(o);l)) ((Xt,(z;);l - Xz/(s);f) + (Xt/(3>y - Xt/(2)?)) ;
FX5R)" m(y? = ((Xt/<3);t — Xiyn) + (Xi@)p — Xéu);t)) ((Xt/(S);L — Xiyr) + (Xian — XZ(S);‘)) .
One observes that the only common term of f(X'; k)" (k) and f(X'; k)" o after expansion

(XQ(Q) Xt/(l)?)(Xé(zL)zﬂ - Xt(3)?), as illustrated in Figure S.1. Upon using Lemma S.2 in the

Figure S.1: Illustration of the case ¢ < ¢’ < ¢+ 1/2.

way we prove, e.g., (5.9), one can show that the following after some elementary calculations:

‘]E(f(X/ )m(k)Qf(X k)" m(k)? ( t/(z)g - Xt/(1)gr)2(X£(3),7 - X£(4);L)2 | JL-t(o);l)

< K(kAR).

Similar to (5.10), one can prove that

Xy = Xy \2 ( Xiayr — Xian\2 - Tiopr gk — gl |
E( ) ( e )| o]
kA, kA, & oyn k '

< K(kAn V A).

In the case |j — i| = 1, there are no common terms. Hence, the conditional expectation of
the product is of order O,(kA,,)3. It then follows that, when ¢ < ¢’ < ¢+ 1/2, the main term of
the covariance

’ (k) /
oL f<0) p O3 [
= 2kA, kA, k : < dA,.
k ; ( t(o)" ol )) - k /o %

For the case ¢ + 1/2 < ¢ < q+ 1, there are no common terms when j = i. Instead, there is a
common term when j =i + 1.

In this case, one can define ¢(6)! := Ty and ¢(8)} :=T" following the above
i+1

(k)(z+1)+
manner. This scenario is illustrated in Figure S.2. Note that there is no common term when

¢ =q+1/2#3)" = t(4)" and ¢(5)!" = ¢(6)"). Following a similar analysis as above, one can

12



t(0)7 t(2)7

Figure S.2: Illustration of the case ¢+ 1/2 < ¢’ < ¢+1
derive the same covariance. The uniform convergence in q is trivial, as there are only finite gj,
and uniformity reduces to finite dimensional convergence. Now the proof is complete. O

The next two lemmas will deal with the truncations used to remove jumps. For any process
V, we define the truncated process V; := >, (A?V)1 (|arV]<un}

Lemma S.7. Under the assumptions of Theorem S.6, we have

(k)t

1
fFX" k) w — [(X'5k m(k)? Fri) —0. (5.18)
VEA, — (‘ m(k)] (k)i ‘ )
Proof. Forany j =1,...,2k, define
A" X
. m(k)! —k+j -~
xj = A and Z;:=uz;- {lle<un S12y

Similarly, one can define 27, ¥, 2/, and 7/ by replacing X with X’ or J accordingly. Note that

Uy 1/2 =alA; "~ 1/2 diverges ]to infinity.

For any integer [, let A,,; = {|A?X’| > u,}. The increment A}X’ is dominated by the
Brownian motion part. Hence, the term A?X’/\/A,, is (approximately) normally distributed
conditional on 7" ;, which implies that the probability P(A;, ;) decays exponentially to zero.
Note that the impact of the assumed random sampling interval is negligible here. We can
obtain 3 )| P(Ay, ;) — 0, asn — 0,Vt € (0,00).

Following a similar argument as Jacod and Protter (2011), it suffices to prove the result on

the set N, A, ;, on which we always have 5:3 = :r:; We introduce a new function R% — R :

h(z1,...,x01) = (x1 + -+ + k) (Th41 + - - - + T2k ). On the refined set, we have
1 - . . .
fn (f(XUn; k)%(q)y - f(X/; k)%(q)y) = h(gclv s 7x2k) - h(xllv s ’x/Qk:)
2%
= (h(fl,...,@,bg}j,fg+h ) = h(Er 1, B s ,i“'zk,)>
j=1
2%k k
= > (@t @) (E -2+ Y (E — ) (Fyy o+ Ty
j=k+1 J=1
When |z;| < u, Ay, /2 we have Tj — 1 = xf, where [z]] < 2u,An /% Otherwise, we get
T; — 1 = —a}, where |z} < u,. It then follows that [7; — 2% < KI[Z] A up,A L2 |. A careful

13



examine of the proof of Corollary 2.1.9 in Jacod and Protter (2011) indicates that our assumed
random observation scheme does not make a real difference. Whenever « is a constant or

measurable to .7-":1( ) , (e.g., the estimated spot volatility prior to 17" ;), part (c) of the

k) —k+j—
corollary implies that

E(|# AunAy 2] | FIly) < Kun A VPAL 6, < KAV 6,

where ¢, — 0 asn — oo. Even when a is not adaptive to 7 ) (e.g., average integrated

I—k+j—1
volatility multiplied by some constant), the above bound still holds as long as a;_1, aj, and

& A (aj — aj—1) are both O, (1), where a; = E(a| F) ()Tt j 1)- It then follows that the LHS of
(5.18) is bounded by Z (k) K k2A3/ 2¢n <K \f k¢, — 0. This completes the proof. O

\/kA

Lemma S.8. Assume 6 € [0, 2), @ € (0, ). Then, we have for any positive integer &,

E (kAL [F(Y R}~ FOVR]) < KAZ

w

— 3_
E(AZ Q) - Q)Y|) < KA 7,
where Q(Y)? is the Q statistic applied to the truncated returns.

Proof. Let uj := K, /¢]A7, where ¢} is a noisy (hence biased) estimate of volatility. For

example, one can set ¢} = x- N iﬂ_ 4,41 (A7 Y)? to be pre-estimator for some d,, — oo.
n n .

Alternatively, one can set it to be the average realized variance. Following a similar analysis as
in the proof of Lemma S.4, one can show that ¢} = Op(A20~1 v 1). Tt is easy to see that

< \(A?Y)(Aﬂ)}(1{\A;Y|>u;} + 1{|A;?,Y|>u;z})-

When 6 € (3, 2), the Brownian motion part dominates the weak noise in the return process.
The proof in this case basically follows the same idea as in the proof of Lemma S.7, hence is

omitted here. When 6 € [0, ], we have the following estimates
P(IATY] > u}) <E((AJY)?/(u])?) < KAL?®; E((AJY)*) < KAY' . =1,2.  (S.19)

The above estimates and an application of Cauchy-Schwarz inequality yield

n n L 20+5—w
B3] (Lagyisg) + Lanyisny) ) < KALTH.

The results now readily follow. O

For any process V, we denote AV := V" — V.
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Lemma S.9. We have
'I’Ltfl 4

1 n r, [
A—nZAX 2(Ar, X2 /Oa2dA

1=

Proof. One can follow the same argument as in the proof of Lemma S.7, using another A

function defined as h(z1, x2) = 2323 to show that

Z Anﬂ 2+1X ) (A?X) (Az—i-l ) ) i) 0.

ntfl t
1 3 (ar P, .
In £ (Al X/) (AZ+1 ) /0 a2 dA (S.ZO)

Let 7 = (APX")2(A?,X")?, and 7] = 7 — E (4| F;). An application of (S.10) (with
k = 1) yields

ng—1 E (yn’fn 1) ng—1 (Jn )4
i i— - An i—1 < KAl/\p
; A, ; (afty)?

(5.10) also implies that E ((Y ) ) < KA%. Therefore, we have

ng—1

B((Y0) F/A) = Y B((FD?/A) < KA.

=1

The above two estimates and Lemma A.11 of Jacod et al. (2019) lead to

ng—1 t
S, S % 44,
0 Oj

The proof is complete. O

Lemma S.10. Given two positive integers k¥ < k/, let L = lem(k, k') be the least common
multiple of k and £’. For any positive integer ! € {1,...,L/k'},and ¢;, € {0,1,...,2k—1},q;, €
{0,1,...,2k — 1}, define

c(qe, gy )i = (mig Ay = (mip = KV (my = k) ((mg + &) A (ma + k) —my Vo),

where

/

= Q- DK +qp, m = <2Lml2; QkJ + 1>k: + -
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Then, we have

2k—12k'—1 L/K

ST elar aho)i = 2Ly g, (S.21)

ak=0q;,=0 I=1

where &, v := k% — 1[(2k — k)3 — (2k — )] 1 <oky-

Proof. For simplicity, we denote ¢; as a short form of ¢(q, g;,);. We first define two remainders:
a=k (mod?2k), b= (2l—1)a+q,—q (mod 2k).

It is then trivial to obtain m; = €, + b, m; = €, + k, where

/

% ::2{%“25— 1)k+2{

(2l —1)a+q —
2k

Qka-f- qk-

One observation is that ¢; remains unchanged when m; and m; change by the same amount, in

particular, ;. Consequently, it follows that
a=0bAk—-0b-K)VO][(b+K)A2k—DbVE]. (5.22)

Another key observation here is that the remainder b will take on all valuesin 0, ...,2k — 1
when ¢, runs over the same set, regardless of the values of [ and ¢;,. This implies that we can
first sum ¢; over g and the result will be invariant to / and ¢},,.

When £’ > 2k, it is easy to check that

a=0bARE— (b—k) V0] =k[bA (2k - b)].

Therefore, we obtain, by observing the dependence of ¢; on gy, that

2k—1 2k—1
D= = k[bA(2k—b)] =k
qr=0 b=0

When k < k' < 2k, there are four categories:

b(b+ Kk — k) if0<b<2k—Fk;
bk if2k -k <b<k
C] =
(2k — b)k if bk <b<Kk;
(2k —b)(K' +k—b) ifk <b<2k.
Note that we consider the case b = k in both the second and the third categories, for

convenience. Also note that the above four categories are symmetric around b = k (which
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is counted twice). Thus, we can get

2k—1 2k—k'—1 k
T =3 ¢ :2< S bk -k + > bk) e
qr=0 b=1 b=2k—k’

= %(% — K2k —K —1)(k—K - 1)+ k@B —K)K —k+1) - k?

_ %(31{3 (K = 2K)° — (K —2K) ).

In particular, if we plug &’ = 2k into the last expression, we get 5]@72]6 = k3, which is the same
as the case k' > 2k. That said, the term Ekgk is “continuous” at the point k' = 2k. Hence, for
k' > k, we can write

_ 1
Qe =3 (3]‘“3 — [k = ¥')® — (2k — K)] 1{k’s2k})‘

Then, the triple summation of ¢; is simply 2L®y ;. O

Theorem S.11. For any two integers k, k’, we have the jointly convergence in law

F(X' k)} FX5E)Y
< VA, T VA,

where the limits are defined on an extension (€2, F, IP’) of (Q, F,P). Conditional on F, (Z, Z)
are jointly Gaussian, with (co)-variances [E(ZZ | F) = O fg Z—%dAs.

) Loy (2, 2)),

Proof. We consider two distinct sampling mechanisms: one characterized by a window size
k beginning at ¢, = |2¢k| for some ¢ € [0,1), and the other by a window size k' starting
at g, = [2¢'K'] for some ¢’ € [0,1). Assuming k < k' without loss of generality, we define
L = lem(k, k') to represent the least common multiple of the window sizes k and %'.

To determine the covariance between F(X'; k,q);" and F(X'; k', ¢')}', we can leverage the
two sampling schemes. It is evident that a repeating pattern emerges every 2L observations.
This pattern corresponds to L/k’ non-overlapping windows when using the (', ¢’)-scheme.
The covariance structure is determined by these intervals. For simplicity, we will focus our
analysis on the first interval that contains the first L observations, as the remaining intervals
follow the same analysis.

Forl =1,..., L, the middle point of the (¥’, ¢')-scheme is given by m;, defined in Lemma
S.10. When considering the local windows from the (k, ¢)-scheme, if the middle point of a
window is more than k observations away from m], the contribution to the covariance from
these two windows will be asymptotically negligible. Therefore, we only need to focus on the
windows from the (k, ¢)-scheme whose middle point is within k observations from m;. The
middle point of such a window is given by m;, which is also defined in Lemma S.10.

In this case, there are only two possibilities: m; < mj and m; > m;. Simple illustrations of
these possibilities are provided in Figure S.3. It is important to note that in the first possibility,
m; — k could be smaller than m; — £/, while in the second possibility, m; + k could be larger
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than m; + k’. This explains the two multiplicative factors of ¢(qx, g, ); defined in Lemma S.10,

which are represented by the shaded intervals in Figure S.3.

E
|
N‘
3

my + k

Ao A,
AN st
coiiiiiiiniiiiiiiin s s
sl s
coiiiiiiiiniiiiiiiiy s
coiiiiiiiiiiiiiiiii s
coiiiiiiiiniiiiiiii s
l Yy P AAAAAAAAAAAAAAAAAAA

m, — k' m) m) + k'

m; — k my m; + k
| ) |

200000000000007 L
DLLLL00000000000007 Ay
200000000000 000007 DLl L0000
ey DLl L L0000
ey DLl i il
DLLL000000000000007 DLl i il
2000000000 000000007 Ay

| AR Ay

m) — k' m) my + k'
Figure S.3: Two cases illustrating the relationship between m; and m; when |m; — mj| < k.

Following Lemma A.11 of Jacod et al. (2019), the F-conditional covariance of F(X'; k, )}
and F(X'; k', q')} can be simplified as:

1
Cov(—==F(X's k,q)}', = F(X's .7 | F)

1
VKA, k' Ay,
L L
_Z 2(v—1)L q A +0(1)_kzlcl/t UgdA +0(1)
207 = VR = VEK'L Jo 203 e

(0%
v=1 Tén(vfl)L

The bilinear property of the covariance implies that

COV( F(X'; k)7, F(X' k)| F)

1
VkA, kA,
2k—12k'—

2k: 2k’ 2 Z COV( VR Tk, )?’ﬁF(X';k'aQ’)?\f)

=0 ¢

2k—12k'—1 L/K

t 4
4kk’ 2 Z 2 \/WL/ 2a2dA on(l)

ko =0 (=1

Thus, by Lemma S.10, we have
1 PR | n p @kk Uﬁ ta?
COV(\/EF(X 7k)t s \/TTF( ) |.F> DY, A 2@2 ds = (bk:’k'/ /0 ;gds

Now the convergence follows from Theorem S.6. O
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